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Abstract 

We consider a polyharmonic operator H = (—A) 1 + V(x) in dimension two with 
I > 2, I being an integer, and a quasi-periodic potential V[x). We prove that the 
absolutely continuous spectrum of H contains a semiaxis and there is a family of 
generalized eigenfunctions at every point of this semiaxis with the following prop- 
erties. First, the eigenfunctions are close to plane waves e 1 ^'^ at the high energy 
region. Second, the isoenergetic curves in the space of momenta k corresponding 
to these eigenfunctions have a form of slightly distorted circles with holes (Cantor 
type structure). A new method of multiscale analysis in the momentum space is 
developed to prove these results. 
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1 Introduction 



We study an operator 

H = {-A) 1 + V{x) (1) 

in two dimensions, where I is an integer, I > 2, V(x) is a quasi-periodic potential being a 
trigonometric polynomial: 

V = V SuS2 e 27Ti{si+aS2 ^ , 1 < Q < oo. (2) 

si,s 2 eZ 2 ,0<|si| + |s 2 |<Q 

We assume that the irrationality measure fi of a is finite: fi < oo, or in other words, that 
a is not a Liouville number 0. 

The one- dimensional situation d = 1, I = 1 is thoroughly investigated in discrete 
and continuum settings, see e.g. [Tj [13] and references there. It is known that a 
one-dimensional quasi-periodic Schrodinger operator demonstrates spectral and trans- 
port properties which are not close to those of a periodic operator. The spectrum of the 
quasi-periodic operator is, as a rule, a Cantor set, while in the periodic case, it has a band 
structure. In the periodic case the spectrum is absolutely continuous, while in the quasi- 
periodic case, it can have any nature: absolutely continuous, singular continuous and pure 
point. The transition between different types of spectrum can happen even with a small 
change of a coefficient in a quasi-periodic operator [8]. The mechanism of the difference 
in spectral behavior between periodic and quasi-periodic cases can be explained by a phe- 
nomenon which is known as resonance tunneling in quantum mechanics. It is associated 
with small denominators appearing in formal series of perturbation theory. Since the 
spectrum of the one- dimensional Laplacian is thin (multiplicity 2), resonance tunneling 
can produce an effect strong enough to destroy the spectrum. If a potential is periodic, 
then resonance tunneling produces gaps in the spectrum near the points A n = (nn/a) 2 , 
n G Z, a being the period of the potential. If the potential is quasi-periodic, then it 
can be thought as a sort of combination of infinite number of periodic potentials, each of 
them producing gaps near its own A n -s. Since the set of all A ra -s can be dense, the number 
of points surrounded by gaps can be dense too. Thus, the spectrum gets a Cantor like 
structure. The properties of the operator in the high energy region for the continuum case 
d = 1 are studied in [7]. The KAM method is used to prove absolute continuity of 

the spectrum and existence of quasiperiodic solutions at high energies. 

There are important results on the density of states, spectrum, localization concerning 
the quasi-periodic operators in Z d and, partially, in M. d , d > 1, e.g. [H]-[24]. However, it 
is still much less known about (II]) then about its one- dimensional analog. The properties 
of the spectrum in the high energy region, existence of extended states and quantum 
transport are still the wide open problems in the multidimensional case. 

Here we study properties of the spectrum and eigenfunctions of ([1]) in the high energy 
region. We prove the following results for the case d = 2, / > 2. 

1 Note, that [i > 2 for any irrational number a. 
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1. The spectrum of the operator ([I]) contains a semiaxis. 

This is a generalization of a renown Bethe-Sommerfeld conjecture, which states 
that in the case of a periodic potential, I = 1 and d > 2, the spectrum of ([I]) 
contains a semiaxis. There is a variety of proofs for the periodic case, the earliest 
one is [25]. For a limit-periodic periodic potential, being periodic in one direction, 
the conjecture is proved in [26]. For a general case of limit-periodic potential the 
conjecture is proven in [27] [29]. Here we present the first proof of (a generalized) 
Bethe-Sommerfeld conjecture for a quasi-periodic potential. 

2. There are generalized eigenfunctions ^^(x, x), corresponding to the semi-axis, 
which are close to plane waves: for every k in an extensive subset Soo of R 2 , there 
is a solution VP^x, x) of the equation = A^^oo which can be described by 
the formula: 

*oo(x,x) = e i ^(l + u 00 (x,x)), (3) 
hooh^) , = 0(|x|^), 7l >0, (4) 

|x|— >oo 

where «oo(x, x) is a quasi-periodic function, namely a point-wise convergent series 
of exponentials e 27Tl ( n + am < x ) ^ n, m G Z 2 . The eigenvalue Aoo(x), corresponding to 
\&oo(x, x), is close to |x| 2 ': 

Aoo(x) = |x| 2 ' + 0(|x|^ 2 ), 72 >0. (5) 

| x\— »oo 

The "non-resonant" set Soo of vectors x, for which ([3]) - (jSJ) hold, is an extensive 
Cantor type set: Soo = ^=i9n, where {Sn}^i is a decreasing sequence of sets in 
R 2 . Each Sn has a finite number of holes in each bounded region. More and more 
holes appear when n increases, however holes added at each step are of smaller and 
smaller size. The set Soo satisfies the estimate: 

|SoonB R | = |B R |(l + 0(i?^ 3 )), 73 >0, (6) 

_R— 5>oo 

where Br, is the disk of radius R centered at the origin, | • | is the Lebesgue measure 
in R 2 . 

3. The set D^A), defined as a level (isoenergetic) set for A 00 (x), 

^oo(A) = {x G Soo : Aoo(x) = A} , 

is proven to be a slightly distorted circle with infinite number of holes. It can be 
described by the formula: 

Doo(A) = {x : x = x DO (A, z7)z7, V G ^(A)} , (7) 
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where Boo(A) is a subset of the unit circle S±. The set ¥> 00 (\) can be interpreted 
as the set of possible directions of propagation for almost plane waves ([3]). The set 
(A) has a Cantor type structure and an asymptotically full measure on Si as 
A — > oo: 

L(IUA)) = 2vr + 0(A-^), 7 4 > 0, (8) 

A— >oo 

here and below L(-) is a length of a curve. The value x^A, z7) in (JTj) is the "radius" 
of D 00 (X) in a direction V. The function x 00 (A, z7) — A 1 / 2 ' describes the deviation of 
^oo (A) from the perfect circle of the radius X 1 ^ 21 . It is proven that the deviation is 
asymptotically small: 

^(X,P) = X 1 ' 21 + O (A^ 5 ) , 75 >0. (9) 

A— >oo 

4. The branch of the spectrum of the operator ([T]) corresponding to the generalized 
eigenfunctions ^/^(x, x) is absolutely continuous. 

To prove the results listed above we suggest a method which can be described as 
multiscale analysis in the space of momenta. This is a development of the method, which 
is used in [27] [29] for the case of limit-periodic potentials. The essential difference is that 
in [27J [29] we constructed a modification of KAM method, where the space variable x 
still plays some role (e.g. in the uniform in x approximation of a limit-periodic potential 
by periodic ones), while in the present situation all considerations are happening in the 
space of the dual variable x. The KAM method in [27] [29] was motivated by [30j-[32j. 
where the method is used for periodic problems. Multiscale analisys which we apply here 
is deeply analogous to the original multiscale method developed in [33] (see also [19], [20] ) 
for the proof of localization. The essential difference is that in [33], [19], [20] the multiscale 
procedure is constructed with respect to space variable x to prove localization, while we 
construct a multiscale procedure in the space of momenta x to prove derealization. 

Here is a brief description of the iteration procedure which leads to the results described 
above. Indeed, let x 6 IR 2 . We consider a set of finite linear combinations of plane waves 
e i{K+2n(n+am),x) ^ n ; m ^ ^, 2 . The set is invariant under action of the differential expression 
([T]). Let H(m) be a matrix describing action of ([I]) in the linear set of the exponents. 
Obviously, 

H{x) = Hq(x) + V, # (><)(n,m),(n',m') = | X + 2tT (n + am) I ^2 5(n,n')£(m,m') , 

^(n,m).(n',m') ^n— n',m— m'- 

Next, we consider an expanding sequence of finite sets fl n in the space Z 2 x 1? of indices 
(n, m): Q n C Q n +i, h m «^oo = Z 2 xZ 2 . Let P n be the characteristic projection of set fl n 
in the space £ 2 (Z 2 x Z 2 ). We consider a sequence of finite matrices if( n )(x) = P n H(K)P n . 
Each matrix corresponds to a finite dimensional operator in £ 2 (Z 2 x Z 2 ), given that the 
operator acts as zero on (/ — P n )£ 2 . For each n we construct a "non-resonant" set S n in 
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the space IR 2 of momenta x, such that: if x G Sn, then H^ n '(Ji) = P n H(x)P n has an 
eigenvalue A n (x) and its spectral projector £ n (x) which can be described by perturbation 
formulas with respect to the previous operator H( n ~ l >(x). If x G fl^j^Sn then A n (x) 
and £ n (x) have limits. The linear combinations of the exponentials, corresponding to the 
projectors £ n (x), have a point-wise limit in x, the limit being a generalized eigenfunction 
of ([[]). The generalized eigenfunction is close to the plane wave e 1 ^'^ in the high energy 
region. 

Each matrix is considered as a perturbation of a matrix H^ n \ the latter has a 
block structure, i.e., consists of a variety of blocks H^ s \h + 27r(n + am)), s = 1, n — 
1, and, naturally, some diagonal terms. Blocks with different indices (s) have sizes of 
different orders of magnitude (the size increasing with s). Thus we have a multiscale 
structure in the definition of H^ n \ We use 

H (n) 

(x) as a starting operator to construct 
perturbation series for H^ n \x). At a step n we apply our knowledge of spectral properties 
of H <yS \x + 27r(n' + am')), s = 1, n — 1, n', m' G Z 2 , obtained in the previous steps, to 
describe spectral properties of H^ n \x + 27r(n + am)), n, m G Z 2 and to construct Sn- 

At step one we use a regular perturbation theory and elementary geometric consider- 
ations to prove the following results. There is a set Si C M 2 such that: if x G Si, then 
the operator i?W(x) has a single eigenvalue close to the unperturbed one: 

A«(x) = |x| 2 ' + 0(|x|- 72 ) , 72 >0. (10) 

A normalized eigenvector u« is also close to the unperturbed one: = + 
where (u^)(„ jm ) = 5 n0 5 m0 and the / 1 -norm of uA 1 ) is small: Hu^^i < |x|~ 71 , 7x > 0. It 
follows that: 

* 1 (x,x) = e i ^+u 1 (2,x), 11^11^^) = 0(\Zr>), 7i >0, (11) 

where \l/i(x, x), U\{x, x) are the linear combinations of the exponentials corresponding to 
vectors and u < - 1 - ) , respectively. It is shown that function \&i(x, x) satisfies the equation 
for eigenf unctions with a good accuracy: 

-A* 1 + V* 1 = |*| 2I *i + /i 5 ll/i|Ucc(R») , = C>(|x|-^), 7e >0. (12) 

Relation (flUj) is differentiate: 

VA (1) (x) = 2/|x| 2 ^ 2 x + (Ixp 77 ) , 77 >0. (13) 

Next, we construct a sequence Sn, n > 2, such for any x G Sn the operator H^ n \>c) has 
a single eigenvalue A^(x) in a super exponentially small neighborhood of A^ n_1 ^(x): 

A(")(x) = A (n ~ 1} (x) +0(|x|-l^ 78 ") , 7 8 >0. (14) 
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Figure 1: Isoenergetic curve ©i(A) 



Figure 2: Isoenergetic curve 2) 2 (A) 



Similar estimates hold for the eigenvectors and the corresponding functions ty n (>c,x): 

= * n _i(x,f) + Un(x,x), \\u n \\ Loo(K 2) = O (|x|~ W79 ") , 79 > 0. (15) 

fc— >oo 

- A* n + V* n = A^(x)* n + /„, H/nlli^^) , = O (|x|-l-l T1 °") , 710 > 0. (16) 
Formula (f!4|) is different iable with respect to x: 

VA (n) (^) .= VA^^ + Odxl-^ 78 ") , 7s >0. (17) 

|x|-+oo 

In fact, for large n estimates (jT3j) - (TTT1) are even stronger. The non-resonant set Sn is 
proven to be extensive in R 2 : 

|S„nB R | = |B R |(l + 0(iT 73 )). (18) 

Estimates ( fl4|) - ( fl8l) are uniform in n. 

The set 2) n (A) is defined as the level (isoenergetic) set for the non-resonant eigenvalue 
AW(x): 

£ n (A) = {xeS n :AW(x) = A}. 

This set is proven to be a slightly distorted circle with a finite number of holes (see Fig. 
CO, [2]). The set 2) n (A) can be described by the formula: 

D„(A) = {x : x = x (n) (A, z7)z7, z7 e S n (A)} , (19) 

where !B n (A) is a subset of the unit circle S\. The set S n (A) can be interpreted as the set 
of possible directions of propagation for almost plane waves ^(x, x), see (TTTi) . (TT5|) . It 
has an asymptotically full measure on as A — > oo: 

L(S n (A)) = 2ti + O i\-^' 21 ) . (20) 

A— s>oo 
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Each set S n (A) has only a finite number of holes, however their number is growing with 
n. More and more holes of a smaller and smaller size are added at each step. The value 
x(")(A, u) — A 1 / 2 ' gives the deviation of D n (X) from the perfect circle of the radius A 1 / 2 ' 
in the direction v. It is proven that the deviation is asymptotically small: 



x 



in) 



(A,z7) = A^ + 0(A-^), feffig) = O (A-**) , 7 5,7n>0 



(21) 



<p being an angle variable, z7= (cosip, simp). Estimates (I20p . (1211) are uniform in n. 

On each step more and more points are excluded from the non- resonant sets S„, 
thus {9n}^i is a decreasing sequence of sets. The set Soo is defined as the limit set: 
Soo = n^LxSn- It has an infinite number of holes, but nevertheless satisfies the relation 
([6]). For every x G Soo and every n, there is a generalized eigenfunction of of the 
type (fTT|) . ( fl5i) . It is proven that the sequence of \I/„(x, x) has a limit in L^IR 2 ) when 
^ G Soo- The function ^/^(x, x) = lim^^oo \l/ n (x, x) is a generalized eigenfunction of H. 
It can be written in the form ([3]) - (j4]). Naturally, the corresponding eigenvalue Aoo(x) is 
the limit of A^(x) as w -)■ oo. 

It is shown that {B n (A)}^ =1 is a decreasing sequence of sets, on each step more and 
more directions being excluded. We consider the limit ^(A) of 23 n (A): 

oo 

^oo(A) = Pi B n (A). (22) 

n=l 

This set has a Cantor type structure on the unit circle. It is proven that !Boo(A) has 
an asymptotically full measure on the unit circle (see (JE])). We prove that the sequence 
x^(A, z7), n = 1,2,..., describing the isoenergetic curves 2) n (A), quickly converges as 
n — )■ oo. We show that 2?oo(A) can be described as the limit of D n (A) in the sense ([7]), 
where x^A, z7) = lim^oo x^ ra ^(A, z7) for every V G 'h 00 {X). It is shown that the derivatives 
of the functions x^(A, z7) (with respect to the angle variable on the unit circle) have a 
limit as n — > oo for every V G !Boo(A). We denote this limit by 9k °°^^ . Using ( 12TT) . we 
prove that 

= o (A--) . (23) 
dip v 7 

Thus, the limit curve Doo(A) has a tangent vector in spite of its Cantor type structure, 
the tangent vector being the limit of corresponding tangent vectors for D n (A) asn-> oo. 
The curve T) 00 (X) looks as a slightly distorted circle with infinite number of holes for every 
sufficiently large A, A > \*(V). It immediately follows that [A*, oo) is in the spectrum of 
H (Bethe-Sommerfeld conjecture). 

The main technical difficulty to overcome is the construction of non-resonant sets 
23 n (A) for every fixed sufficiently large A, A > \o(V), where Ao(V^) is the same for all n. The 
set 23„(A) is obtained by deleting a "resonant" part from S n _i(A). Definition of 23„_i(A) \ 
B n (A) includes eigenvalues of ^""^(x). To describe B n _ x (A)\S n (A) one has to consider 
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Figure 3: Set <P 2 



not only non-resonant eigenvalues of the type (TTUil . ( TH1) . but also resonant eigenvalues, 
for which no suitable formulas are known. Absence of formulas causes difficulties in 
estimating the size of ® n _i(A) \ 23 n (A). To treat this problem we start with introducing 
an angle variable <p G [0, 27r), V = (cos if, sin <p) G Si and consider sets 25 n (A) in terms of 
this variable. Next, we show that the resonant set !B n _x(A) \ I> n (A) can be described as 
the set of zeros of functions of the type 



det(i7 (s) (x n _i(v9) + 27r(n + am)) - A -e), s = l,...,n-l, (n, m) G Q n \ (0, 0), 



where x n _i(<^) is a vector-function describing t D n _i(X): % n _i(<p) = x n _i(A, z7)z7. To obtain 
^n-i(A) \ 23 n (A) we take all values of e in a small interval and (n, m) in some subset of 
Q n . Further, we extend our considerations to a complex neighborhood $o of [0,27r). We 
show that the determinants are analytic functions of (p and, by this, reduce the problem of 
estimating the size of the resonant set to a problem in complex analysis. We use theorems 
for analytic functions to count zeros of the determinants and to investigate how far the 
zeros move when e changes. It enables us to estimate the size of the zero set of the 
determinants, and, hence, the size of the non-resonant set (£> n C <Po, which is defined as 
a non-zero set for the determinants. Proving that the non-resonant set (£> n is sufficiently 
large, we obtain estimates (ITS]) for S n an d (12T?|) for S n , the set S n corresponding to the 
real part of <P n . 

To obtain <£> n we delete from <P Q more and more discs (holes) of smaller and smaller 
radii at each step. Thus, the non-resonant set <3? n C $o has a structure of Swiss Cheese 
(Fig. [31 H]). Deleting a resonance set from (p at each step of the recurrent procedure we 
call a "Swiss Cheese Method" . The essential difference of our method from constructions 
of non-resonant sets in similar situations before (see e.g. [3n]~[22], [31]) ^ s that we con- 
struct a non- resonant set not only in the whole space of a parameter (x G M? here), but 
also on isoenergetic curves D n (X) in the space of the parameter, when A is sufficiently 
large. Estimates for the size of non-resonant sets on a curve require more subtle techni- 
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Figure 4: Set <P 3 



cal considerations than those sufficient for description of a non-resonant set in the whole 
space of the parameter. But as a reward, such estimates enable us to show that every 
isoenergetic set for A > Ao is not empty and thus, to prove Bethe-Sommerfeld conjecture. 

Note that generalization of the results from the case I > 1, I being an integer, to the 
case of rational / satisfying the same inequality is relatively simple; it requires just slightly 
more careful technical considerations. The restriction I > 1 is also technical, though it 
is more difficult to lift. The condition I > 1 is needed only for the second step of the 
recurrent procedure. The authors plan to consider the case / = 1 in a forthcoming paper. 
The requirement \x < oo is essential, since we use it to estimate the minimal values of 
|n + am | when (n, m) e Sl„\ (0,0). Such estimates are necessary for controlling small 
denominators in the perturbation series at each step. 

The plan of the paper is the following. Preliminary considerations are in Section 
2. Sections 3-7 describe steps of the recurrent procedure. Note, that Steps I, II are 
designed to start the procedure. Step III is already typical, however uses some "non- 
typical" estimates from Steps I, II. Step IV is completely typical: all other steps of the 
recurrent procedure differ from Step IV only by the change of indices. The proofs of 
convergence of the iteration procedure and of the results 1-3, listed at the beginning of 
the introduction, are in Section 8. The result 4 about absolutely continuous spectrum is 
proven in Section 9. Section 10 (Appendices) contains technical lemmas. 

Acknowledgement The authors are very grateful to Prof. Parnovski for useful discus- 
sions and to Prof. Young- Ran Lee for allowing us to use figures 1-4 from [KL]. 

2 Preliminary Remarks 

We consider two-dimensional quasi-periodic polyharmonic operator 

(-A) l + V{x), l>\ (24) 
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which is perturbation of the free operator Hq := (—A)'. Here V is the potential of the form 
(|21). Without loss of generality we assume < a < 1. We assume also that irrationality 
measure /i of a is finite: \x < oo, or in other words, that a is not a Liouville number. 
Note, that for irrational number a we always have /i > 2. It follows from the definition 
of the irrationality measure that 1) For any e > there exists a constant C £ such that for 
any irreducible rational number ^ we have 



a 



M 
N 



a 



> — 



(25) 



2) For any e > there exists a sequence 4| of irreducible rational numbers such that 



a 



M 
~N 



< 



72 



For every pair of integer vectors s 1; s 2 G Z we consider p s := 27r(s! + as 2 ) 
introduce the norm 



(26) 
We 



IPs 



l s ll 



S 2 • 



We will also use the notation p s := \p s \ and p s = p s (cosy? s , siny? s ). 

Lemma 2.1. For every p s ^ we have 

Ps<27r|||p s |||, (27) 

p s >2nC e \\\p s \\\-^- 1+e \ (28) 

Proof. The estimate ( 1271) is obvious. To prove ( 128]) we notice that if s 2 = then 
p s = 27r|si| > 2n. Let s x = (sii,Si 2 ), s 2 = (s 2 i,s 22 ). If, for example, s 2 \ ^ then from 
( 125]) and definition of |||p s ||| we obtain 

Ps > 27r |sn + as 2i | = 27r|s 2 i| 



2nC £ \s 21 \-^ +1 >27iC e \\\p s 



a H 1 > 

|-(M-l+e) 



(29) 



□ 



We introduce vector x(<£>) := (xi, x 2 ) = xz7 '■= x(cos ip, sin ^o). Similar agreement will 
be used for other vectors. Let H{j<) = H(?c,<p) be the "fiber" operator acting in L 2 (Z 4 ) 
with its matrix elements given by 



(#(x))s, 



s+q 



Here K 



(see © 



0, when |||pq||| > Q, (<5 < oo). 



(30) 



To simplify the notation in what follows we will write Vq instead of V^ q when it does not 
lead to confusion. 
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3 Step I 

3.1 Operator 

Let S be some small parameter, < 5 < (100/i) -1 . We put 

£1(8) := {m G Z 2 : | ||p m | || < k 5 }, Cl(5) := {m G Z 2 : | ||p m | || < 4k s }. 

By P(5) we denote orthogonal (diagonal) projection in / 2 (Z 2 ) on the set of elements 
supported in £1(5). We call it the characteristic projector of 0,(8). The dimension of 
the projector is equal to the number of elements in fl(5) and, obviously, does not exceed 
(8A; 5 ) 4 . We have 

(P(5)H Q (Z)P(5)) mn = |x + p m rV nX n (5 )(m), 

where as usual xn(S)( m ) is the characteristic function of the set £1(5). We are going to 
consider H^(k) = P(5)H(k)P(5) as a perturbation of the operator P(5)Hq(x)P(5). 

3.2 Perturbation Formulas 

Now we construct a "non-resonant" set of </?, for which the operator (x(p)) can be 
constructively considered as a perturbation of Hq 1 \x(p)) corresponding to V — 0. In 
what follows r is an auxiliary parameter ^ < r < 32. 

Lemma 3.1 (Geometric). For every k > 800 there is a subset co^(k, 5,r) of the interval 
[0, 2n) such that: 

1. For every ip G co^(k, 5, r) and m G £1(5) \ {0}, the following inequality holds: 

> Irk 21 - 1 - 40 ^ , k := k(cos(p, siny?). (31) 

2. For every p in the real -^k~^^ +l ^ 5 -neighborhood of u>^(k, 5, r) and x G R : |x — 
k\ < j^k~ m ^ 5 , a slightly weaker inequality holds for ok(p) = x(cos</?, siny?) and 
mGfi(o")\{0}: 

H^+p^-^l > 1^-1-40^ (32) 

3. The setu ( - 1 \k, 5, r) nas an asymptotically full measure in [0, 27r) as /c — >■ oo. Namely, 

\J 1 \k,5,r)\=27i + 0(k- 37 ^), k^oo. (33) 



fc)+Pm| 2 '-£: : 



13 



Corollary 3.2. If tp is in the real jgk ( 4 °A t+1 ) <5 -neighborhood of a/ 1 -* (k, S,t) and z is on 
the circle 

C l = {z:\z-k 2l \ = T -±k 2l ~ l - i ^ 5 }, (34) 
then the following inequality holds for all m G Q(5): 

\k^)+pX -z\> T lk^ l -^\ z G C x . (35) 

The lemma is proved in Section 13.31 (Corollaries 13.71 and 13.101 ) The corollary from 
the lemma is proven at the end of Section 13.31 Note that in Section 13.31 we construct 
non-resonance set of ip in the set of complex numbers. Such complex non-resonance set 
we need for construction of further steps of approximation. 

Let r = 1, 2... and 

9 { r\Z) ■= ^Tr I ((P(6)(H (Z) - zI)P(5))- 1 VP(5)) r dz, (36) 
imr j Cl 

:= I ((P(8)(H (Z) - zI)P(5))- 1 VP(5)Y (P(5)(H (^zI)P(5)r 1 dz. 

(37) 

Note that g-P (if) = since V = 0. Coefficient g^\ti) admits representation: 



qen(«5)\{0} 

1 

2 





2 (I^ + Pq 


21 


+ 


K - 




1 


X 


2l\ 


(1* 


21 _ 






21 




2l\ 



(3? 



q eo(5)\{0} 

From now on means the norm of an operator A in the trace class. 

Theorem 3.3. Suppose cp is in the real j^k~^°^ +1 ^ s -neighborhood ofco^(k, 5, r) and x G 
R, |x— fc| < YgA;~ 4 ° M<5 ; if = x(cos<£>, sin<£>). Then, for sufficiently large k > /j (V, <5, r) there 
exists a single eigenvalue of H^^x) in the interval £±(k, 5, r) = {k 21 — y/c 2 ' _1 ~ 4 ° M<5 , fc 2Z + 
yfc 2i_1_4 ° M<5 ). It is given by the absolutely converging series: 

oo 

A^*) = + (39) 

r=2 

For coefficients gr (if) the following estimates hold: 

Ig^m < (ck)-^ 21 - 1 -* ^ 46 . (40) 
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Moreover, 

\£\z)\<ck- 2l+( - m ^ 8 . 

The corresponding spectral projection is given by the series: 

oo 

£( 1 )(x) = £ (x) + ^G«(x), 

r=l 



(41) 



(42) 



8.0(H) being the unperturbed spectral projection. The operators Gr(x) satisfy the esti- 
mates: 

HG^x)^ < (Ck)- r{2[ - l -^ 5) . (43) 
Matrix elements of G^\>c) satisfy the following relations: 



G«(x) ss , = 0, if rQ< IHpsIH + IIIps 



(44) 



Corollary 3.4. For the perturbed eigenvalue and its spectral projection the following es- 
timates hold: 

A«(x) = x 2Z + O (Ar 2 ^ 80 ^ 5 ) , (45) 
||£ (1) (x) - 8o(k)\\ x < ck- 2l+1+A ^ 5 . (46) 
Matrix elements of spectral projection 8^ 1 '(k) also satisfy the estimate: 

|£ (1) (x) ss '| < (Ck)- dW ^ s '\ dW(s,s') = Q- 1 (\\\p s \\\ + IH^IH) (21 - 1-44^). (47) 

The last estimate easily follows from the formula (jUJ) and estimate ( 1431) . 
Proof. The proof is based on expansion of the resolvent in perturbation series on the 
circle C\. Indeed, let us consider the series 



00 — 1 / — 1 \ 1 

r=0 ^ ' 



(48) 



where Hq = P(5)H and 2 G Cj. It easily follows from (I3"5"j) that 

-1 



Hence, 



h£\k)-z 



(HU(Z)-z)- 1 



< ji^-2«+l+40At<5 
Tl 



^ ^ U-21+1+40/iS 

< Ti 



(49) 



(50) 



for sufficiently large k. Substituting the series into the formula £W(x) = — ^ § c (H^(te)- 
z)~ 1 dz and integrating term- wise, we arrive at (j4"2"|) . Estimates ( 143]) easily follow from 
ED and the obvious inequality ||P(5)||i < (2k s ) A . It follows 8^ = £ + 0(Ar 2m+44 ^). 
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-1 



This means that there is a single eigenvalue of H^'(k) inside C\. In a similar way 
(using (1361) . (!38|) and V = 0) we obtain the formula for the eigenvalue and (jlQj) . fj4T 

for details see [K]. To prove (jHJ) we consider the operator A = VP{5) (^H^ — z 

and represent it as A = A + A x + A 2 , where A = (P(6) - £ (x)) A (P(<5) - £ (x)), 
A x = (P(5) - £ (x)) A£ (x), A 2 = £q(k)A{P{8) - £ (x)). It is easy to see that 
£o(x)t4£ (x) = because of 1/ = 0. Note that 



Ci 



since the integrand is a holomorphic function inside C\. Therefore, 



ii,...jV=0,l,2, jf+...+j^Q" 



At least one of indices in each term is equal to 1, 2. We take into account that (A 2 ) ss ' = 
(Ai) s ' s = if s 7^ and A ss i = if || \p s - s ' III > Q- It follows that G^\x) ss > can differ from 
zero only if rQ > \\\p s \\\ + |||Ps'|ll- 
□ 

It will be shown (Corollary 13. 8j) that coefficients gi- 1 \>t) and operators (x) can 
be analytically extended into the complex A;~^ 40/i+1 ^-neighborhood of u^'(k, 5, r) as 
functions of (p and to the complex |A;~( 40 ^+ 1 ) <5 — neighborhood of k as functions of x, 
estimates (140]) . (JHJ), (143]) being preserved. Now, we use formulae (I36I) . (I39I) to extend 
A^(x) = \W(x,(p) as an analytic function. Obviously, series ( 139|) is different iable. Using 
Cauchy integral we get the following lemma. 

Lemma 3.5. Under conditions of Theorem \ 3.3\ the following estimates hold when p is 
in co^(k, S, r) or its complex ^k~^°^ +1 ^ 5 -neighborhood and x is in the complex j^k~ mtl5 - 
neighborhood of x = k : 

A«(x) = k 21 + O (k- 2l+ ^ + V & ) , (51) 

^ = 21k 21 - 1 + O (k- 2l+ ( 120 ^ 6 ) , ^ = O (£r 2Z+ ( 120 ^) , (52) 

= 2/(2/ - l)x 2 '- 2 + O (k- 2l +^+W) , 
9x (53) 

^ A = Q ^-2/+(160m+7)5\ ^ A _ Q ^-2i+(160At+8)5\ 
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3.3 Geometric Considerations 

In this section we prove Lemma 13.11 and its corollary. However, we will prove a version 
of this lemma for a complex set of ip. We need this complex version for further steps. 
Lemma 13.11 is a simple corollary of the result proven in this section. We will use the 
notation |a|| := (a, a) K where (a, b) R := +a 2 b 2 when a, b £ C 2 . It is easy to see that 
|x(<£>) +p m || is an analytic extension in x and (p of 

| >f + Pm\ 2 = X 2 + PL + 2><Pm C0S((/? - p m ) 

defined for real x, p>. Note that | • | is the canonical norm in C or R 2 . For every fixed 
k > 1 and ^ < r < 32, we describe the resonance set 0« = QW(k, t) of <p £ C. We put 

(1) (k,T):=U me ^ mo} O m (k,r), (54) 

where 

O m (k,r):={veC: \k + p m g-k 2 <rk l - m » 5 } = 

(55) 

{<p £ C : \p 2 m + 2k Pm cos(<^ -<p m )\< Tk 1 - 40 ^ 5 }. 

In most cases parameter r will be equal to 1. But sometimes we will use different choice 
of t. It easily follows from the definition f|55|) and the estimate f )27|) that for any x £ C 
such that |x— k\ < 1 and any <p £ O m (fc, r) we have 

| \PL + 2xp m cos(^ -<p m )\ - \p 2 m + 2kp m cos(</? - </? m ) 1 1 < ^k 1 - 40 ^, (56) 

provided 2(1 + A0fi)5 < 1 and A; > 800 which will be assumed in what follows. 
Let W :={y?£ C : < 1}. We introduce a complex non- resonant set: 

WWffc.r) :=W \O (1) (i,r). (57) 

Clearly, it is open. We also note that the set 0^ fl [0, 2tc] is symmetric, i.e. CD* 1 ) D [0, 2ir] + 
7r (mod27r) = 0^ fl [0, 2ir], since <y2_ m = (p m + 7r. We define u^'(k, 5, r) as a real part of 
WW(M,r): 

cjW^, 5, t) = W^\k, r) n [0, 2tt). (58) 
Lemma 3.6. Let p be in WW(fc,r), i/ien 

fc) + Pm|R - k 2 > rk 1 ' 40 ^ for all m £ Q(5) \ {0}. (59) 

If p> is in the complex k~( 40fM+1 ^ s -neighborhood of"W^\k, r) and x £ C : \x—k\ < |fc _4 ° M<5 . 
Then, for x = x(cos <p, sin <£>) £/ie following estimate holds: 

\\x(<p)+Pm\i-k 2 \ > T -k 1 - 4 ^ for all m £ Q(5) \ {0}. (60) 
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The lemma easily follows from ( 155]) and ( 156]) . 
Corollary 3.7. Parts 1 and 2 of Lemma \3. II hold. 

Corollary 3.8. Coefficients g^\x) and operators d 1 \x) can be analytically extended 
into the complex jj;k~( i0fJ " +1 ^ s -neighborhood of u^\k,5,r) as functions of tp and to the 



complex -j^k ( 40 / i + 1 ) <5 — neighborhood of k as functions of x, estimates ( l4"01) . ( 14TT) . ( H3l) 
being preserved. 

Lemma 3.9. The measure of the resonance set 0^ D [0, 2tc] satisfies the estimate: 

meas(O w n [0, 2tt]) < CAT 3 ™". (61) 
Corollary 3.10. Part 3 of Lemma{3J\ holds. 
Proof. 

Let m^fl and ip^ be two (mod 2n) solutions of the equation 

p 2 m + 2kp m cos(v9 - <p m ) = 0. 
Obviously, <p± - ip m = ±f + 0(/c- 1+5 ). Put 

$±:={^GC: |^-^|<rfc- 39 ^}- 

Then, taking into account (128"]) . it is not difficult to see that O m C \J±j e z(^m + 27rj) . 
Thus, 

meas(0 (1) fl [0, 2tt]) < 4rAT 39 ^(8^) 4 < Ck~^ . (62) 

□ 

Proof of Corollary SIS Let d := {z G C : |z-£; 2/ | = i/^-l-^j be the contour 
around eigenvalue k 21 of the unperturbed operator H (k). Then it follows from (159 p that 
for any <p G W^(k, r), m G \ {0}, and z : \z - k 2l \ < ijfeM-i-4M we have 

||£ + fT | 2i _ r | > l a - k 2l \ - _p'-i-40M > 

II"' \ Fm|R z \ — \\K * PvaXu. I a — 

rl rl 
r/(l - 0(k 5 - l ))k 2l ~ l - A ^ 5 - T J- k 21 - 1 -^ 5 > lik 21 - 1 -^ 6 , 

for sufficiently large k. For m = the estimate follows from the definition of C\. 
3.4 Isoenergetic Surface for Operator 

Lemma 3.11. 1. For every sufficiently large A, A := k 21 , andip in the real ^/c~^ 40At+1 ^- 
neighborhood ofu^(k, 5, r) , there is a unique ?o l '(\,tp) in the interval 1 \ := [k — 
^A;" 40 ^ 5 , k + ^Ar 40 "*], such that 

A (1) (x (1) (A, ip)) = A, ^(A^):=^(A,^). (64) 
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2. Furthemore, there exists an analytic in ip continuation of x^'(\,(p) to the complex 
j-k-^+V 5 -neighborhood of u {1) (k,5,r) such that A (1) (x (1) (A, <p)) = A. Function 
x^(A, ip) can be represented as K^(X,ip) = k + h^(X,tp), where 

\h^\=O(k- 4l+l ^ 80 ^ s ), (65) 



^— = ( k ~^+^+^\ , ^— = O ( k -*w+(i™„+8)s\ (66) 
dtp dtp 2 

^ = 5P^( 1 + 0( *" +1+ll2 ° f ' +8,i) ^ (67) 



Proof. 



1. Let us prove existence of K^\X,tp). By Theorem I3.3[ there exists an eigenvalue 
A (1) (x), given by fl39]), for all x in the interval J x . Let £ (1) (y?) : = {A (1) (x) : x E /J. 
Using the definition of I\, fpf5j) . and continuity of AW(x) is continuous in x, we 
easily obtain £ (1) (y?) D [A: 2 ' - t, k 21 + t], t = dk 21 " 1 ' 40 ^ , < c x ^ ci{k). Hence, 
there exists a xW such that A^^x^ 1 )) = k 21 , xW E I\. 

Now we show that there is only one x^ in the interval I± satisfying ( |64l) . Indeed, 

by (El, ^- ^ > 2lk 2l - 1 (l +o(l)). This implies that A (1) (x) is monotone with 
ax 

respect to x in I\. Thus, there is only one x e ii satisfying 



2. We consider A^ (x(y))) as a function of complex variable x in the disc |x — k\ < 
^_^,-40m<5 taking into account (}5Tj) and applying Rouche's theorem, we obtain that 
for any ip in ^A; _ ( 40 ' 1+1 ) <5 -neighborhood of co^(k,5, r) there exists unique value of 
xW(^) such that |x«(<^) - jfe| < ^fc" 40 ^ and A« (x« (</?)) = A := fc 2 '. Actually, 



x 



(i) 



(y?) - fc| < A;~ 4/+1+ ( 80 ^ 6 ) 5 . (6* 



Then it follows from ( 152]) and implicit function theorem that >c^(ip) is locally 
analytic. Combined with uniqueness this implies global analyticity. 

The estimate (IBlSj) follows from (1681) . Applying standard arguments with the Cauchy 
formula we obtain (I6"6"i) . Using (IBIZj) we get ( 15T|) . 

□ 

Let us consider the set of points in R 2 given by the formula: x = xW(y>), tp E 
u^'(k, 5, r). By Lemma [3.111 this set of points is a slightly disturbed circle with holes, see 
Fig. 1. All the points of this curve satisfy the equation A^^x^^A, cp)) = k 21 . We call it 
isoenergetic surface of the operator and denote by T>i(X), see figure [TJ The "radius" 
x^(A, ip) of Di(A) monotonously increases with A, see fIBTl) . 
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3.5 Preparation for Step II. Construction of the Second Non- 
resonant Set 

3.5.1 Model Operator for Step II 

Here we will describe an operator PHP, see ( 175]) . which will be used for constructing 
perturbation series in the second step. The operator PHP has a block structure, the size 
of blocks being of order k s . 

Let t*i be some fixed number 2 < r%. An upper bound on n we will introduce in Step 
II. We defined m by formula (155]) for all m: < |||p m ||| < 4/c 5 . Now we define m by 
the formula 

O m (^):=VeC: \k + p m \l-e < T k- 4D *} = 

(69) 

{if EC: \p 2 m + 2kp m cos(<^ -<p m )\< rk- 40 ^}. 

for m: Ak s < \\ \p m \\ | < k ri . Note that the right-hand part in the inequality here is smaller 
than the corresponding one in ( 155]) . Obviously, m contains the whole interval [0, 2n) for 
sufficiently small p m . As in Step I let tp^ be two (mod 2n) solutions of the equation 

p 2 m + 2kp m cos((/? - p m ) = 0. (70) 

Lemma 3.12. The set O m (k,r) has the following properties: 

1. Ifp m > 4k, then W n O m {k, r) = 0. 

2. If k- 1 - 39 ^ 5 <p m <4k and \4k 2 - p 2 m \ > Ark-^ 5 , then O m C U ±iieZ ($^ + 2icj), 
where 

( L-l-40ju<5 

*&:=<<peC: \<p-<f£\< = 

{ pW 1 -p m ( 2k ) 

and = 0. 

3. If \Ak 2 -p 2 m \ < Ark- A ^ 5 , then O m C U ±J6Z ($± + 2nj), where 

**:={<peC: \ V -^\<32rk- 1 - 2 ^ 5 }. 

In the proof we use the Taylor series with respect to (p for \k((p) + p m |jR — k 2 near its 
zeros, see Appendix 1. 

Let <p e [0,2tt) \ (1) (A;,8), where 0^(k,8) is given by (JUJ). We define M(y? ) C Z 2 
as follows: 

M(^ ) := {m : < | ||p m | || < k n and v?o e O m (&, 1)}. (71) 
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We will also need a larger set 

M'(po) := {m : < | ||p m | || < 2F 1 and y9 e O m (fc, 1)}. 

In fact, M(v? ), M'(y?o) do not include m : |||p m ||| < 4/c 5 , since y9 G [0, 27r) \ (1) (£;,8). 
We split M((fo) into two components M := Mi U M 2 . By definition, m G Mi if 

min || |p 

m— m' III > A; d . 

Let M 2 = M \ Mi. Next, let M m be (fc*/3) -neighborhood of m in ||| • ||| norm: 
M m := {n : |||p n -m||| < k s /3 for a given m G M(y2 )}, 

Obviously, 

M m (v? ) n M m /(v? ) = 0, for any m G Mi and m' G M', m' ^ m. 
Let Mi(</? ) be (/^/^-neighborhood of Mi in ||| • ||| norm: 

Mi(v? ) := U meMl(vo) M m (y? ) = {n : |||p n -m||| < k S /3 for some m G Mi(<p )}- 

Let us introduce an equivalence relation in M'. We say m ~ m if there is a sequence 
rrij G M', j = 1, ...J, such that min^j |||p m -- m J|| — k s for all j = 1, .., J and mj = nig. 
We denote the equivalence class containing m G M 2 by M 2 m ' ) . By definition of M 2 such 
equivalence class contains at least one more element. In the next lemma we prove that an 
equivalence class contains no more than 4 elements. Namely in this lemma the restriction 
I > 1 plays a crucial role. 

Lemma 3.13. Let m G M 2 and rxij G M' 7 j = 1, J, are such that all mj, j = 0, ... J, 

are different and min/^j |||p m;) _ mk HI < k s for all j = 1, .., J. Then, 1 < J < 3. 

The proof is in Appendix 2. 

Obviously, for any pair m, m' G M 2 either M 2 m) = M^ m ' } or M 2 m) n M 2 m ' } = 0. We 
can enumerate different equivalence classes M 2 m ' ) by an index j and denote them by M^, 
j = 1, Jo. By construction, M 2 C U^M^ C M'. 

Let M{ be (£; 5 /3)-neighborhood of M J 2 in || | • || | norm: 

Mi(ifo) := {n : | ||p„_ m | || < k 5 /3 for an m G M^o)}- 

Obviously, 

Ml n M{ = 0, when j ^ j', 
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M^ n M m = 0, when m e Mi. 

Let 

M 2 = u/i^i 
M = Mi U M 2 . 

Moreover, || • ||| distance between these sets is greater than ^k s . It is easy to see that 
M C M'. Hence, the number of elements in M does not exceed ck 4ri . 
We consider the diagonal projection P corresponding to M.(cp )\ 



O/mm 



1, when m G M(</? ), 
0, otherwise. 



We consider PH(%P)(<p))P : PL 2 (Z 2 ) PL 2 (Z 2 ) for <p e C, \cp - p | < fc-2-<5(4o M +i) _ 
since (^o t [0, 2tt) \ 0W(fc, 8), perturbation series fl39l) . (J4"2"j) converge in the disc. 
By construction, the set M(<y?o) is split into several nonintersecting components: 

MOo) = (u meMl M m ) U (u,M^ . (72) 

Obviously, 

mgMi j 

where P m , P| are diagonal projectors corresponding to the sets M m and M 2 , the projectors 
being orthogonal. Considering (1301) and taking into account that Q < k 5 /3 for sufficiently 
large k, we readily show: 

P m VP m < = P m VPi = PiVP m = P{VP( = 0, when m, m' e Mi, m ^ m', j ^ /. (74) 

Therefore, 

PHP= J2 P m HP m + J2 P i HP i- (75) 

meMi j 

Since (13T1) holds for any m e fi(<5) \ {0}, we have M(^o) H f2(5) = 0. This means that the 
|| ■ || (-distance between M(<^o) and f2(5) is no less than 3k 5 . Hence, 

P m VP(6) = P(5)VP m = P(5)VPi = PiVP(6) = 0. (76) 



3.5.2 Estimates for the Resolvent of the Model Operator 

In the next lemma we use the restriction I > 1 for the first time. In fact, we need this 
restriction only in the second step of the procedure. 

Lemma 3.14. Let <p e w (1) (A;, 8). 
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1. If m G Mi(</?o) : Pm > 4A; 5 , |2fc — p m \ > 1, ^en 7 £/ie operator 

(p m (H(^\ v ))-e l i)p m y 1 

has no more than one pole in the disk \ip — (p \ < 2k~ 2 ~ s( - 40fM+1 \ The following 
estimate holds: 

{P m {H{^\ ip ))-k 2l l)P m y 1 \\<ck- 2l+ %\ e = mm{e,k- 2 ^°^ s }, (77) 

when (p is in the smaller disk \ip — ip \ < / c -2-<5(40^+i) ^ £ fr e j n g ^ e distance from tp 
to the nearest pole of the operator. 

2. If m G M : \2k — p m \ < 1, then, in fact m G Mi and the operator 



(P m (H(^\p))-k 2l l)P m ) 



-i 



has no more than two poles in the disk \ip — ip \ < 2k 2 s ( 40 ^+ 1 ) . The following 
estimate holds: 

(P m - 01) P^ < ck- 2l e^ 2 , e = min{e, fc-'-'WH-D}, (78) 

when ip is in the smaller disk \ip — <p \ < k~ 2 ~ 5( - 40 ^ +1 \ e being the distance from <p 
to the nearest pole of the operator. 

3. If m G M : p m < 4k 5 , then, in fact m G Mi and the operator 

(p m (H(^\^))-k 2l i)p m y 1 

has no more than one pole in the disk \ip — ip \ < 2k~ 2 ~ 5 ( 40fl+1 \ The following 
estimate holds: 

(P m - k 2l l) Pj- 1 ! < gfc-^p-V, e = minfo Ar 2I+1+ *}, (79) 

when (p is in the smaller disk \ip — </? | < k~ 2 ~ s ^ 0fl+1 \ e being the distance from ip 
to the nearest pole of the operator. 

4- The operator (Pf [H{y^ (</?)) — k 2l l) P|) 1 has no more than four poles in the disk 
\ip — (po\ < 2A; _2_<5 ( 40 ^ +1 ) . The following estimate holds: 

{Pi {H " k 2l l) Piy'\\ < ck- 2l - 2 - 120 » 5 eo\ e = mm{e, k' 1-40 ^ 5 }, 

(80) 

when (p is in the smaller disk \ip — ip \ < k 2 <5 ( 40 ^+ 1 ) ; £ being the distance from ip 
to the nearest pole of the operator. 
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Corollary 3.15. Let p e u w (k,8). Then, the operator (P (H (<p)) -k 2l l)P) 1 
has no more than QAk^ 1 poles in the disk \<p — <p \ < 2£;~ 2-5 ( 40 ^ +1 ) . The following estimate 
holds: 

(P (tf(x (1) (<^)) - k 2l l) Pyl < ck^e^+ck- 2l e 2 +ck~ 2l -%\ e = mm{e, k~ 2l+1+5 }, 

(81) 

when cp is in the smaller disk \cp — cp \ < k 2 5 ( 4q m+i)^ £ faing ffi e distance from cp to the 
nearest pole of the operator. 

Indeed, the number of blocks in PHP (see fl75l) ) does not exceed 16k 4ri (the number 
of elements in Q(ri)). The resolvent of each block has no more than four poles. Therefore, 
the resolvent of PHP has no more than 64fc 4ri poles. Using fl77|) - fl5U|) and, using that 
Pm > k^^' 1 in (!79l) . we obtain the corollary. 



Corollary 3.16. If e = k r i, r[ > /ir 1; then 

(P {H{^ l \ip))-k 2l l) P) 



-i 



< 



ck Ar '\ 



(p (h(^\ v )) - k 2l i) py 1 < C k 4 < +4r \ 



(82) 



53) 



The first formula follows from flHTl) . The second formula follows from the fact that the 
dimension of P does not exceed /c 4ri . 



Proof. 

1. Let \2k — p m \ > 1, p m > 4k 5 . Clearly only the case p m < 4k is significant, since 
otherwise m (k, 1) cannot intersect the disc \cp — cpo\ < k^ 2 ~ m ^ +1 ^ s by Lemma f3. 121 
It is easy to see that the set m (k, 1) consists of two separate discs 0^(fc, 1), the 
distance between them being greater than ck" 1 ^ 2 . Let us assume for definiteness 
y?o G C>m(^)l)- This means the disc \cp — (p \ < A;- 2 -^ 40 /^- 1 ) cl oes not intersect 
m (A;, 1). Let us first show that the operator 



(p m (H (^\^))-k 2l i)p m y 1 



54) 



has exactly one pole inside 0+(fc, 1), which is, in fact, inside 0+(/c, 1/4). Note 
that %M((p) is defined in 0+ (k, 1), since the size of Oj,(fc, 1) is much less than that 
of any circle in It satisfies the estimate x^(ip) = k(ip) + o(k~ 2 ) in 0+. If 

cp e 0+(A;,l)\0+(A;,l/4), then the estimates | |x«(</? ) + p m+CL \ 2 - k 2 \ > \k~ A ^\ 
hold for < lllpqlll < k s (see definition of Mi(</?o)) and can be extended to the 
(A; _2_ ( 4 ° M+1 ^)-neighborhood of y?o (| becomes |). Thus, 



{P m (H (^ 1 \ ( p))-k 2l l)P m ) 



-i 



< 



55) 
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when |^-^o| < A;~ 2 - (40 ^ +1)5 , <p G 0+ (k, 1) \ 0+ (k, 1/4). 

Clearly the resolvent ( 155]) does not have poles in the set \cp — <pq\ < / c - 2 -( 4 °/ i + 1 )< 5 . 
The estimate (ITT)) with £ = /c~ 2_ ( 40 ' 1+1 ) <5 follows from fl85|) and Hilbert identity. 

Now, suppose that y?o G 0+(fc, |). The function |fc(<^) +Pm|jR — ^ 2 ' has a single 
zero inside O^fc, |). Using Rouche's theorem, we obtain that \x^ l '{(f>) + p m \w ~ k 21 
also has a single zero inside 0+ |). Note that the following inequality holds in 
0+(fc,i)forO<|||p q |||<A; 5 : 



\\^\^)+f> m+ X-k 2l \> l k^-^. 

Indeed, if | |x (1) (<^) + p^ +q |g - A; 2 '| < ifc2*-2-4M for some q ^ (0,0) and </? G 
0+(fc,i),then 

|2(x (1) (^) +ftn,P q )R + pJ| < V 40 ^. (86) 



Considering that the size of Oj,(fc, 4) is 



[1 + o(l)) and that p m > 



' mV " 4y Pmv /1-P^(2fc)"- 

4/c 5 > 4p q /27r, we obtain the inequality analogous to (1561 for <^ with | instead of ~. 
This contradicts to the assumption <p G Mi. Thus, the following inequality holds 
for all q : || [p q || | < A; 5 including q = (0, 0): 



m+q 



21 _ i2l\ ^ 1 7,2Z-2-40/i<5 

R I 7 ' 



when <^ is on the boundary of 0+ (A;, |). Hence, the resolvent 

(P m (/Jo(x {1) M)-^/)P m ) _1 
of the free operator P m H has exactly one pole inside 0+ (fc, j) and 



(P m (iJ (x( 1 )(^))-^/)P m )- 1 



< 4^- 2i + 2 + 4 °M<5 



J7) 



when (y9 is on the boundary on the disc O^ffc, 4). Considering that the dimension 
of P m does not exceed 16/c 45 we obtain: 



< 64^- 2i + 2 +< 5 ( 4 0M+4) _ 



(88) 



It remains to prove the analogous result for the perturbed operator H. We introduce 
the determinant 

D(cp) = det (P m (H (x«(y?)) - fc 2 '/) P m (F (x«(^)) - A; 2 ^ 1 P m ) . 
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Obviously, D(<p) = det(J + A), where I, A : P m L 2 (Z 2 ) -> P m L 2 (Z 2 ) 

A(<p) = P m V (^o(x (1) M) - Pm- 
Taking into account that 

det (P m (tf(x(%))-A; 2 </)P m ) 



det (P m (tf (£ (1) (^)) -^ 2/ /)P m )' 



we see that D(cp) is a meromorphic function inside 0^(fc,|). Next, we employ a 
well-known inequality for the determinants, see 



\det(I + A)-det(I + B)\<\\A-B\\iexp{\\A\\ 1 + \\B\\ 1 + l), A,BeSx. (89) 
Putting A = A((p), B = 0, we obtain 

|det(7 + A) - 1| < ||A||iexp(p||i 

It is easy to see that 

\\A\U < ||V||||P m (P (x (1) M) -k 2i iy l p n 



I). 



ml' 



Considering the estimate (ISSj) for the resolvent of the free operator, we obtain 
||Ax(<^)||i < 1/200 on the boundary of 0+(fc, |) for sufficiently large fc. By Rouche's 
theorem, D(<p) has only one zero in 0+ (k, ~). Thus, det P m (if^ 1 )^)) — k 2l l) P m 
has exactly one zero in 0^(k,j). Using this, we immediately obtain that opera- 
tor (P m — /c 2 '/) P m ) 1 has one pole inside 0^(fc, 4). Considering the 
estimate for the free resolvent and using Hilbert identity, we immediately obtain, 



(p m (H(^ i \ v ))-k 2l i)p m y 1 



(90) 



for all if on the boundary of 0^(fc, |). Taking into account that the size of 0^(fe, ^ 
does not exceed A; _1 ~ 4 ° M<5 , we obtain: 



(P m (^(x (1) ^)) - A; 2 '/) P m ) _1 < 8k~ 2l+2+40 ' tS (k- 1 - 4D ' ,s /e 



(91) 



when </? G 0+(fc, |) on the distance e, from the pole. If \<p — <p \ < / E - 2 -( 40 ^+ 1 ) <5 ) but 
if $ 0^(fc, |), then 9? is on the distance less than &- 2 -( 4 °m+ 1 )<5 f r0 m the boundary 
of O^ffc, j), since y?o is inside O^fc, 7). The estimate (190]) holds on the boundary 
and stable with respect to such a small perturbation of <p. Thus, estimate (|77|) is 
proven. 
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2. Let m G M, \2k — p m \ < 1. Then, 0+ and m can overlap. The case ipo G 
m (&, 1) \ O m (fe; 1/4) we consider in the same way as for \2k — p m \ > 1. Suppose 



< lA; 1 - 40 ^ 5 with |2Jfe -p m | < 1, 



V?o e m (fe, 1/4). Combining |fc(<p )+Pm| 
we obtain that the vectors 2k((p) and — p m are close: 

|2fc(^ ) + Pm|l> < 5k. 

Therefore, (% )+Pm,P q )M = -(%>o),#i)r + 0(* 1/a+ *) for all < |||p q ||| < fc 5 . 
Considering that the size of m does not exceed cA; _1_20/i<s (Lemma 13. 12[) and the 
distance between 0+ and 0~ is 0(/c _1//2 ), we obtain the analogous estimate for all 
Lf in m : 

(k(<p)+p m M* = -$(<p)M* + 0(k 1 ' 2+s ) for all 0< |||p q ||| <k 5 . 
It immediately follows: 

\k((p) + Ptn+qll ~ \k((f) +Pm\l = \k((p) ~ p q |£ - | fc(^) |r + O ( 



.1/2+^ 



for all < Hlpqlll < k 5 . The size of m is much smaller than that of 0_ q and m is 
not completely in 0_ q . Hence, 

Pm+q 

for all <p G m . Considering that 

\k(if) +Pm+q 



R - l%>) +Pm|» 

2 _ l2 

iff ft/ 



< fAr 40 '* 5 in m , we obtain 



> ^k 1 ^ ^ 5 , when ^0, 



In particular, m G Mi(y? )- Considering that !&(<£>) + p m |jjj — k 2 

boundary of m , we obtain f lH7|) and flHHl) . Considering as before, we show that the 
resolvent (j84"|) has at most two poles inside m . It follows that 

(P m - k 2l l) P m y l < k- 2l+2+ ^ s {ck- l ~ 2 ^ s /ef 

when ip is on the distance e from the pole. 



3. Let m G M, < p m < Ak\ m £ fi(<J). The case y> e O m (fc, 1) \ O m {k,j, 



is 



considered the same way as in the previous steps, see (1851) . From now on we assume 
y?o G O m (fc, 4). There is an eigenvalue A 1 ^ +p m ) of P m .ff(xW(<^))P m given 

by the perturbation series. Indeed, 



I I 2 r 

\k[(fo) +PmL ~ k' 
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since ipo G O m (k, |). Considering that y?o ^ O^ 1 ^ (A:, 8) , we easily obtain that 
(%>o),P q )R > fc 1 -^ 5 f or a ll q e fi(<5) \ {0}. Taking into account that and 



< we arrive at the estimate: 



|fc(<Po) + £ 



m+q 



> £.1-40^5 



for all q G \ {0} and any <p G w«(&,8) H O m (fc, ~). It follows m G Mi. By 
Lemma 13.111 x^(ip) is defined in ifc~( 40 ^ +1 ) 5 -neighborfiood of L0^\k,8) which we 
denote by W«(A;, J). It is easy to show that the estimates similar to the last two 
hold for (</?), ip G i)) n Q m (Jfe, §) . Therefore, 



.2/ 



<- 1 r,22-2-40^<5 

~ 2 



|^ (1) M+ftn+q 



2/ 



.21 



(92) 
(93) 



for all q G \ {0}. It follows from the last two estimates that the perturbation 
series for (j}P'{ip) + p m ) and A^ (</?)) converge. Both are holomorphic 
functions of (p in W 1 ^, |) fl O m (/c, |). Using Rouche's theorem, it is not difficult 
to show (for details see Appendix 3, Lemma [10. II) that the equation 



A«(x^)+p m ) =k 2l + e , \e \< Pm k 6 



(94) 



has no more than two solutions ip ± (eo) in the W^(k : I) fl O m (k, ~). They satisfy 



the estimates: 



-21+1+2S 



(95) 



Considering that <^ = <p m ± 7r/2 + 0(k 1+<5 ), we see that the distance between two 
solutions is approximately equal to n. For any cp G W (1) (fc, J) n O m (Jfe, |) satisfying 
the estimate |y? — I < k~ 5 , 



d_ 

dip 



A«(x«(</>) +p m ) = ±2l Pm k 2l ~ 1 {l + o(l)), 



(96) 



for details see Appendix 3, Lemma 110.21 Therefore (for details see Appendix 3, 
Lemma I10.3f) , 

\\^\^\y)+p m )-k 2l \>k*- l Vm e (97) 

if ip G W (1) (A;, |)nO m (fc, |) is outside 6+ )E UQ~ )e , here and below 0± e are the open 
discs of the radius e, < e < k~ 2l+1+s , centered at v 9± (0). It is shown in Appendix 
3, Lemma [10.41 that 



(A«(^))-A; 2i )(P m (i7(x«(^))-A; 2 ')Pm) _1 < 8, yfo>) := &\<p) + £ 



(9? 
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for any <p in W«(A;, §) fl m (k, \). 

If \<p - <p \ < 2k- 2 - s ^ +1 ^ and <p E u{k,5,8) n O m (Jfe, ±), then <p e W«(Jfe,§) n 
O m (fc, ~) and, hence, (E7J, pj) hold. Now (JTSJ) easily follows from (1571) and flggp. 

Let, now, m, m' be two elements from the same set M|. It means that there exist 
elements p^ G Q(6), i — 1, . . . , I, such that m' = m+^[ =1 and m+ J^ =1 Q.* e 
for any 1 < s < I. We have proved in Lemma [3.131 that / < 3. Next, we consider 
J = U mgM jO m . Each connected component of O- 7 contains no more than four discs. 

We have proven above that all m : p m < Ak s or \2k — p m \ < 1 belong to Mi. Using 
this fact and applying Lemma T3.12l we see that the size of each component does not 
exceed o(fc -1 ~ 4 ° M<5 ). Considering as above, we show that 



{p m {H(^ l \^))-k 2l i)p m y 1 



< 2k~ 2l+2+40tJl5 



(99) 



for all ip on the boundary of CP. Each component contains no more than four poles 
of the resolvent. It follows that 



(P m (Pf(x (1) M) - k 2l l) P m ) _1 < ck- 2l+2+ ^ s {k- l -^ s /e Q Y 
with Eq = min{e, A;^ 1-40 ^}, when tp is on the distance e from the poles. 



3.5.3 Resonant and Nonresonant Sets for Step II 

We divide [0, 2tt) into [27t£; 2+<5 ( 40m+1 )] + 1 intervals with the length not bigger than 
^-2-<5(4(v+i)^ jf a particular interval belongs to OW(&, 8) we ignore it; otherwise, let 
(po(j) (1) (£;,8) be a point inside the Af ] . Let 

Wf> = {pe W« : \<p - <pf\ < 2kr 2 - 5 ^ + V}. 

Clearly, neighboring sets overlap (because of the multiplier 2 in the inequality), 

they cover the 2fc _2_,5 ( 40M+1 )-neighborhood of u(k, 8). We denote this neighborhood by 
W^(k, 2). For each ip in the neighborhood there is a j such that \ip — Pq\ < fc- 2-< H 40 A*+i) . 
We consider the poles of the operator (P(p>®) (P(xW(<^)) — fc 2Z ) P(<£>°)) in a ) and 
denote them by <^- OT , m = 1, M y By Corollary EUl Mj < 64fc 4ri . Next, let be 
the disc of the radius k~ T>1 around p>j m , r[ > ixr\. 

Definition 3.17. The set 

= u im o$ (ioo) 
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we call the second resonant set. The set 

W (2) = W (1) (A;,2)\0 (2) (101) 
is called the second nonresonant set. The set 

J 2 ) = W (2) n [0, 2tt) (102) 
is called the second real nonresonant set. 

Lemma 3.18. Let r[ > fin, (f G and x G C : \x-xP>((p)\ < fc-M- 2 '+i-<*. r/ien> 

(P (H (2(<p)) - k 2l l) P)' 1 < ck*< , (103) 

(P (H(x(ip)) - k 2l l) P)' 1 i < cfc 4r i +4ri , (104) 

where P is the projection (1731 corresponding to the interval containing 9fy?. 

Proof. For 5k = x^ ((f) the lemma follows immediately from the definition of and 
Corollary 13.161 Considering the Hilbert identity, it is easy to see that estimates (|82|) and 
(|83|) are stable with respect to perturbation of x^ 1 ) of order / c - 4r i- 2 '+ 1 - 5 . This stability 
ensure ffTUBl and ffTUD . 
□ 

By total size of the set C>( 2) we mean the sum of the sizes of its connected components. 

Lemma 3.19. Let r[ > (fi + 4)ri. Then, the size of each connected component of 0^ 
is less than 128fc 4ri ~ r i. The total size of (2 ^ is less than i28fc 2+<5 ( 40 ^ +1 ) +4ri - r i ; where 
2 + 5(40/i + l)+4ri-r; < 0. 

Corollary 3.20. If a connected component of 0^ intersects [0, 2ir) or its ifc -2-5 ( 40 ' < + 1 )- 
neighborhood, then it is strictly inside W^. 

Proof. Indeed, each set W^ 1 contains no more than 64fc 4ri discs Oj m . Therefore, the 
size of 0^ fl is less than 128fc~ r i +4ri . Considering that 128fc~ r i +4ri is much smaller 
than the length of , we obtain that there is no connected components which go across 
the whole set and the size of each connected component of < - 2 - ) is less than 128fc 4ri_r i. 
Considering that j < f t 2 + 5 ^^+ l ) ? we obtain the required estimate for the total size of 0^. 
□ 

We will also need the estimates for the resolvent in the neighborhood of m = 0. From 
the definition of x < - 1 - ) ((f) we obtain the following lemma. 



Lemma 3.21. Let (f G and C 2 be the circle \z — k 
same constant as in Lemma \3.18i) . Then 

(P(5)(H(^\(f))-z)P(5)y l 



2/1 



(2ck 



(where we use the 



< 8ck 4r K 
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Proof. This estimate is sufficiently obvious and can be obtained in many different 
ways. Here though we will use the construction which we often will keep in mind when 
stating similar estimates in what follows. We apply for the z variable the "squeezing" 
arguments which we used in the proof of Lemma I'd. 141 for the variable ip. Namely, by (15 Op 
(or rather its identical analogues for complex x^^)), 



< _&-2Z +1+40/^5 



(P{5){H{^\v))-z)P{5)Y l 

when \z — k 2l \ = i^ 2 '- 1 " 40 ^. Let us show that analytic function det (P(5)(if (x (1 )(y2)) — 
z)P(5)) has the single simple zero z = k 21 inside the circle C\ . Indeed, consider 

D{<p) = det (P(5) (H(5P\<pj) - zl) (P(S) (#o(x {1) M) - zl) P^V') ■ 
Obviously, D((p) = det(I + A), where I, A: P(5)L 2 (Z 2 ) -> P(5)L 2 (Z 2 ) } 

A(<p) = P{5)V (#o(x (1) (^)) - zl)~ l P{5). 

Obviously, D(ip) is a meromorphic function inside C\. Next, we employ (189]) putting 
A = A(ip), B = 0. We obtain |det(J + A) - 1| < ||A||iexp(||A||i + 1). By ||A(^)||i < 
c ^,-2/+i+5(40/i+4) w ]j en z E Ci. By Rouche's theorem, D(ip) has only one zero in C\. Thus, 
det P(5) [H^y^ ((f)) — zl) P(S) has one zero in C\. Using this, we immediately obtain 

that operator (P(8) (H ((p)) - zl) P(6))~ has exactly one pole inside C\, the pole 
being at the point z = k 21 . Using the maximum principle, we obtain the required estimate 
on the circle C 2 . □ 

We also notice that the statement of the Lemma 13.181 still holds (with 2c instead of c) 
if we use z G C 2 instead of k 21 . Thus, if we put 

Pj := Pfe(0)), 1) : 1', • P(5), (105) 

then (notice that PjVP(8) = by (|76jl) 

(P.,(#(x (1) (^)) - z)^-) -1 < 8cA; 4r i, |z - k 2l \ = (2ck^)-\ <p G Wf\ (106) 



Here we also used Lemma 13.211 At last, considering from the beginning the discs 0^-' 



(2) 



Jin 



with radius \k r>1 instead of k r>1 one can easily see that similar estimates (with probably 
larger constants) hold in /c _r i _5 -neighborhood of W^ 2 \ 

4 Step II 

4.1 Operator H^ 2 \ Perturbation Formulas 

Let -P(n) be an orthogonal projector onto 12 (rj) := {m : |||p m ||| < k Tl } and = 
P{ri)HP{ri). From now on we assume 

r[ = AQun + 21, 2<n< k s/8 . (107) 
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We consider #( 2 ) perturbation of 

m = PjH^^m + (P(ri) - Pj) ^o(x (1) M) (P(n) - P 3 ) , (108) 

where Pj = Pj + P(5) and Pj is the projection P corresponding to the interval 
containing ip. By ( |74l) . ( l76l) . the first term on the right-hand side of ( 11081) has a block 
structure: 

PjH(x^((p))Pj = P(5)HP(5) + P/JP = P(S)HP(S) + P m #P m + p i HP i- 

meMi j 

The second term in fl 1 8 [) is, obviously, diagonal. Thus, has a block-diagonal struc- 
ture. Let W be the perturbation of i.e, V4 7 = — It is easy to see that: 

W = P( ri )VP( ri ) - PjVPj. (109) 

By analogy with (|36|). (1371). 

g f)(yc) := t^Tr / f W(H {1) (x) - zI^Y dz, (110) 

Gf\x) : = ( ~ 1)T+1 / (ff (1) (x) -z/)- 1 (V(iP (1) (x) -zI)~ l X dz. (Ill) 

Theorem 4.1. Suppose cp is in the real k" 1 "' 1 ' 6 -neighborhood of u^ 2 \k,5,T) and x £ 
IR, |x — x^ 1 ^^)! < / c - 4 »'i- 2i + 1 - <5 ; x = x(cos<y9, siny)). Then, for sufficiently large k > 
ki(V,S,r) there exists a single eigenvalue of Pl^ 2 \h) in the interval 

E2{k,5,r) = (k 21 — (2cA; 4ri )~ 1 ,k 21 + (2c/c 4ri ) _1 ) . It is given by the absolutely converging 



series: 



r=2 



A( 2 )(x) = A«(x) + ^^)(x). (112) 

(2) 'x) tl 

( 2 )(X)| < ck -^Q-^ k -(2l-2-^S) { r^l) + 2 + S8_ ^ 

The corresponding spectral projection is given by the series: 

oo 

£( 2 )(x) = £«(x)+^Gf (x), (114) 



For coefficients gi (x) the following estimates hold: 

\g 



r=l 



£^^(x) being the spectral projection of /fW(x). TTie operators G^\x) satisfy the esti- 
mates: 

llG^x)^ < ck-^k-^ 2 - 40 ^ 1 ^ 5 . (115) 

Gf\x) ss , = 0, if 10rk s < \\\p s \\ \ + |||p s /||| (116) 
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Corollary 4.2. For the perturbed eigenvalue and its spectral projection the following es- 
timates hold: 

A( 2 )(x) = A«(x) + (V 2feS «~V 2 < +4+48 ^ , (117) 



||£(2)(#) _ £( 1 )(x)|| i < ck -k*Q-' k -(2i-s-^s-*S). ( n 8 ) 
|£ (2) (x) ss ,| < A;- d<2)(s ' s,) , when \\\p s \\\ > k 5 or \\\p s ,\\\ > k s , (119) 
rf (2) (s, s') = i(|| |ps|| I + || \Ps' \\\)k-\2l - 2 - 40//5) + fc'g- 1 - 1 - 46. 

Formulas f lTTTj) and f TTT8]) easily follow from f lmj) . f UTij) and (jIT3]l and ffTT5]) . The 
estimate HI 1 9[) follows from f ll 14j) . (11151) and fll 16j) . Indeed, using these estimates, we 
obtain |(£ (2) (x) - £W(x)) ss ,| < £;- rf(2) ( s > s '). Considering that £ (1) (^W = when |||p B ||| > 
k 6 or IHps'III > we arrive at ( I119p . 

Proof. Let <^ G TV*- for some j. Put P- := P(ri) — Pj (we will omit the index j in 
what follows). By (dUED, f TTOQl) . 

# (1) (x (1) (<^)) := PH{x {l \ V ))P + P'H Q {x {l \ V ))P\ W := P'VP' + P'VP + PVP'. 

We will often omit x^((p) in the arguments when it cannot lead to confusion. By (11061) . 
we have 

(H^-zI)- 1 <8ck 4r K (120) 
Let us consider the perturbation series 

oo 

{h^ -z)- 1 = ~ z r lA ^ ( l21 ) 

r=0 

A = -W(H^ - z)~ x . 
To check the convergence it is enough to show that 

\\A\\ < c£T 2/+2+40 ^. (122) 

Estimates ( THUj) . ( [T22D yield: 

||(# (2) (x (1) (y?)) - 1| < lQck 4r K (123) 
To prove (I122p it suffice to establish the following estimates: 

\\P'VP'(H^ - z)- l \\ < ck- 2l+2+40 ^, 

\\P'VP(H (1) - zY 1 1| < ck~ 2l+2+m »\ (124) 

\\pvp\h {1) - z)- 1 !) < ck- 2l+2+m » 8 . 
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The first and the third inequalities in f |124j) are simple. They follow from the definition 
of P' and P and identities 

(#« - z )-ip> = p>{HM - z)- 1 = P'(H (ZW(tp)) - z)- l P'. 

Indeed, by definition, (P') mm = 1 if and only if (pj(0) G" m (k,8) and |||p m ||| > k 5 . 
Therefore, | \5& l \(pa) + p m \^ — k 2l \ > k 2l ~ 2 ~ 40fJ - s when (P') mm = 1 and the estimate is 
stable with respect to perturbation of order fc _1_4 ° M<5 . The first and third inequalities in 
(11241) easily follow. Let us prove the second estimate. We represent P(H^ — z)~ x as 
follows: 

P{E^-zY x = 

{(Ho ~ zy'PVP) (H - z)- l P + [{Ho - z)- l PVP) - z^P, 

r=0 

where ro to be fixed later. Then, 

ro+l 



\P'VP(H 



(i) 



ro 

"'ll <^2\\B r \\+ pv( 



r=0 



P'V (H n - zY x PVP 



(H (1) -zY 1 P\ 



B r := P'V ( (H - z)- l PVP) T (H - z^P. 



(125) 



Note that B r = P'B r P and matrix elements (B r )- JS are equal to zero if | \\pj — p a \\ I > Q(r+1) 
(see (1301)). Thus, the only non-trivial elements (B r )j s are such that 



j G fi(n) \ (M(<po) U n(S)j , s g M(<p ) U Q(S), I -p s \\\< Q(r + 1). 

Let r : Q(r + 1) < fc a /6. It follows that (B r ) js = if s G M or s = 0, since such s 
have a distance greater than |fc <5 from j. If s G" M or s 7^ 0, then 1 1 i?^ 1 ) (9?) +p s |jjj — z\ > 
0-2-4OfiS Therefore, for r : Q(r + 1) < k s /6 we have: 



l-Brll < (Ck 



-21+2+AOfiSy+l 



P'V ((Ho - z)~ x PVP 



r+l 



< (Ck 



-2l+2+40n5\r+l 



with some absolute constant C. Now, we fix ro := k s /(6Q) — 1. Then the condition 
Q(r + 1) < A; 5 /6 is satisfied for all r < ro and 



IX) 



\p'VP(H^ - z )-!|| < + (CA .-2Z + 2+40M)ro+l 4cA .4rl 



r=0 



Assuming that fc is large enough (in particular, ^ 2 6 Q^ k > 5r[) we obtain the second 
inequality in ( I124p . 
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To prove f)115p we consider the operator AP{5) = WP(5) — z\ and repre- 

sent it as AP{5) = A + A l + A 2 , where A = (P( ri ) - E {l \x)) A (Pin) - £ (1) (^)), 
A\ = (P(ri) - £ (1) (><)) A£«(x), A 2 = £«(x)A (P(n) - £ (1) (^))- Note that we have 
£W(x)W£W(x) = 0, because of ([109]). We see that 



I (P (1) - z) 1 A r dz = 0, 



'c 2 

since the integrand is a holomorphic function inside C2. Therefore, 

ji,...j r =0,l,2, jf+.-.+j^O J ° 2 

(126) 

At least one of indices in each term is equal to 1 or 2. Let us show that 

WAzlU < cA; -^-V( 2/ - 2 - 40 ^ +1+45 . (127) 

First, we notice that £,^W(P(r x ) - £ (1) ) = E^WP' by f TT09l and (jSJ. It suffices to 
show that 

||£ (1) W|| 1 <£T^ 1+1+4<5 , (128) 
since \\P' (il<U - zj || = \\P' (H - z)~ l \\ < for z G C 2 . Indeed, 

s": lll?.»lll<fc', ll|j?.//_./|||<Q 



when IHps'III > ^ an d ^ is equal to zero otherwise. Hence, 



(i) 



z {1) wp')J < \\w\\ e £ - 

s": fc' 5 -Q<|||p s //|||<£:< 5 

if IHps'III < k 5 + Q and zero otherwise. Using ( 1471) . we obtain 

\(^WP') \<ck 45 max AT d(1) ( s ' s "\ (129) 

It easily follows: 

j£(%p') ? | < c ^4«5 fc -(2Z-l-40 M 5)(fc' s Q- 1 -l+|||p s |||Q- 1 ) 



when IIIps'IH < A; 5 + Q, and zero otherwise. It follows Hfi^VTP'H < ck~ kSQ 1+1 + 4<5 . 
Considering that is a one-dimensional projection, we obtain the same estimate for 
Si-norm, namely, (11281) . Thus, we have proved (11271) . Let us estimate Ij 1 ...j r - Suppose 
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one of the indices is equal to 2. Substituting (I127P into H126[) and taking into account 
||£« (h<U — z \ || < b 2 1 , where 62 is the radius of C2, we obtain: 

|| J || < c £-fc*Q- 1 £-(2J-2-40^)r+l+4<5 

Note that the operator is always followed by unless Ai occupies the very last 

position in the product. Thus, it remains to consider the case Aj l Aj r — A 1 ^ ^A\. It is 

easy to see that 

(#« -z)~ 1 A r ^A l = (7#« - z)^ A 2 (z)Al- l (z)J . 
This implies the estimate for this case too. Therefore, 

The same estimate can be written for the Si norm of this operator, since £^ is one- 
dimensional. 

Let us obtain the estimate for g r (x). Obviously, 

rf a) (*) = ^ E Tr i A n A irdz- (130) 



h,...jr=0,l,2, jf + ...+j^0 



C 2 



Note that each term contains both A\ and A2, since we compute the trace of the integral. 
Using (11281) . we obtain: < c6 2 " 1 A; _fc Q + 1 + 4<5 . Combining this estimate with (I127P 

and (11221) . we obtain f II 1 3 j) for r > 2. Finally, applying (1 11 01) in the case r = 1, we see 
that gf\x) = 0, since E^WE,^ = 0. 

To prove (11161) it's enough to notice that the biggest block of has the size not 
greater than 2k 5 . 
□ 

It is easy to see that coefficients g^\x) and operators G> 2 ^(x) can be analytically 
extended into the complex fc _r i _5 -neighborhood of co^ 2 ' (in fact, into fc _r i _<s -neighborhood 
of W^ 2 )) as functions of (p and to the complex (/ c - 4r i- 2 '+ 1 - <5 )_ neighborhood of x = x^(ip) 
as functions of x, estimates (jll3j) . (I117p being preserved. Now, we use formulae (II 101) . 
( HUD to extend A^(x) = A^(x,^) as an analytic function. Obviously, series f 1 1 1 2 [) is 
differentiable. Using Cauchy integral and Lemma [3.51 we get the following lemma. 

Lemma 4.3. Under conditions of Theorem \4-l\ the following estimates hold when (p e 
co^(k,5) or its complex k~ Tl ~ 5 -neighborhood and x G C : |x— 3c- l '{(p)\ < k - 4r i- 2l + l - & • 

A^(x) = A«(x) + O (V 2 ^-V 2 < +4+48 « 5 ) , (131) 
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^ = ^1 + o (V 2fc ^-V< +3+ ( 48 ^) , (132) 

^1 = ^ + ^-2^Q- 1 Fi -2^4 + (48^1)^ ^ (133) 

S)2\(2) ,f)2\(l) , v 

= + ( A;-2fc f Q- 1 A;M+2i + 2 + (48M+2)A ^34) 

ax 2 ax^ V / 

Q2\(2) ,E)2\(1) / v 

= + ( k ^Q^ k 5r[ + 3HW)s\ (135) 

OHOlf OXOIf V / 

dip 2 dcp 2 



+ ^-2^Q- 1 jt 2ri-2 i+ 4+(48 M+ 2)5^ ^ 



4.2 Isoenergetic Surface for Operator i!/"( 2 ) 

Lemma 4.4. i. For every sufficiently large \, A := A; 2 ', and if in the real ^k^'' 1 ^ 5 - 
neighborhood of co^ 2 \k,5,r) , there is a unique }o 2 ^(X,if) in the interval I\ := 
[x (1) (A, ip) - ±k~ 4r 'i~ 2l+1 ~ 5 , x^(A, <f) + \k- A <- 2l+u such that 

A (2) (x (2) (A, if)) = A, x (2) (A,^) := ^ 2 \\f)u{f). (137) 

,2. Furthermore, there exists an analytic in if continuation of H^(\,ip) to the com- 
plex 7jk~ r i~ s -neighborhood of a/ 2 -* (k, 5,r) such that A^(x( 2 )(A, if)) = A. Function 
x( 2 \\,(f) can be represented as *c^(\,ip) = x^(\,if) + h^(\,ip), where 



\hP\tp)\ = O (V 2fc ^V 4 < +5+48 ^ , (138) 



Q ^-2fe a Q- 1 ^,ri-4«+5+49^j _ h _ Q ^-2k s Q- 1 ^[-41+5+50^ 

^ (139) 
Proof. The proof is completely analogous to that of Lemma I3.11[ estimates (j!3ip 



being used. □ 



Let us consider the set of points in R 2 given by the formula: x = x^(ip), if E 
Lu( 2 \k,5,r). By Lemma [4.41 this set of points is a slight distortion of T>i, see Fig. 2. All 
the points of this curve satisfy the equation \^ 2 \k^ (if)) = k 21 . We call it isoenergetic 
surface of the operator and denote by T> 2 - 
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4.3 Preparation for Step III - Geometric Part. Properties of 
the Quasiperiodic Lattice 



Let 



§(k,£ ) 



x G 



> e; 



(140) 



In this section we prove that the number of the lattice points x + p m , \\\p m \\ \ < k Tl m 
S(k,e ) does not exceed Ck~^ +1 when Eq is sufficiently small and x is fixed. For this we 
split S into two subsets: " non-resonant" and "resonant" , the non-resonant set being just 
a vicinity of Di(k 21 ). An estimate for the number of lattice points in the non-resonant 
set is proven in Lemma 14.81 An estimate for the number of lattice points in the resonant 
set is proven in Lemma 14.101 These estimates play an important role in the further 
construction. 



4.3.1 General Lemmas 

We consider p m = 27r(si + as 2 ) with integer vectors Sj such that |Sj| < 4k ri . 

It is easy to see that there exists a pair (q, p) e Z 2 such that < q < 4k T1 and 

\aq + p\ < 16k~ r \ (141) 

We choose a pair (p, q) which gives the best approximation. In particular, p and q are 
mutually simple. Put e q := a + |. We have 

k~ 2ri ^ <\e q \< 16g- 1 A;- n . (142) 

We write any S2 in the form 

s 2 = qs' 2 + s 2 ' (143) 

with integer vectors s' 2 and s 2 ', < (s 2 ')j < q for j = 1,2. Hence, \{s' 2 )j\ < Ak ri /q + 1. It 
follows 

(27r) - Vm = (si - ps' 2 ) + {—4 + e g s 2 ') + e ^s 2 - 

Denote s := Si — ps' 2 . Then |s| < 8k Tl . The number of different vectors s := — -s 2 + e q s' 2 ' 
is not greater than (2g) 2 . For each fixed pair s, s we obtain a lattice parameterized by 
s' 2 . We call this lattice a cluster corresponding to given s, s. Each cluster, obviously, 
is a square lattice with the step e q q. It contains no more than (9k ri q~ 1 ) 2 elements, 
since |(s 2 )j| < 4Af 1 g~ 1 + 1, j = 1,2. The size of each cluster is less than 5\e q \k Tl . If 
e q satisfies slightly stronger inequality, than (I142p than clusters don't overlap, see the 
following lemma. 

Lemma 4.5. Suppose that e q satisfies the inequality 

\e q \ < -^q- l k- T \ (144) 
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Then, the size of each cluster is less that . The distance between clusters is greater than 



j_ 

2q- 

Proof. Let us estimate the distance between points s' 2 = of two different clusters. 
Indeed, s— ~s% ^ 0, since ps'2, see (I143p . is not a multiple of q. Therefore, (s — -s'^j > ~, 

j = 1,2. Considering that < (s^j < q, j — 1,2, we obtain that the distance between 
two points where s' 2 = is greater than - — \ e q \q, that is greater than The size of each 
cluster is obviously less than \e q \q(A.k ri q~ l + 1) < Thus, two clusters cannot overlap, 
the distance between them being greater than i. □ 

We need two more properties of the lattice p m , \\\p m \\\ < 2k ri . 

Lemma 4.6. The number of vectors p m , satisfying the inequalities |||p m ||| < 2k n , p m < 
\e q \qk' n ^ 3 , does not exceed k 2ri ^ 3 . 

Proof. Suppose vectors p m and p m i satisfy the conditions of the lemma. Then, || \p m — 
Pm'lll < 4/c ri . By definition of e q , (27r) _1 |p m — p m '\ > \ e q\l- Thus, the distance between 
the points p m ,p m > is greater than 27i\e q \q and each point can be surrounded by the disc 
of the radius vr|e g |g, the discs being disjoint. Dividing the area of the disc of the radius 
2\e q \qk ri l 3 (we increased radius to take into account points p m near the boundary of the 
disc p m < |e g |g£; ri / 3 ) by the area of a disc of the radius vr|e g |g, we obtain that the number 
of vectors satisfying the inequality p m < \e q \qk T1 ^ 3 does not exceed k 2ri ^ 3 . □ 

Lemma 4.7. Suppose q in the inequality ( 114 1}) satisfies the estimate q > k 2ri ^ 3 . Then, 
the number of vectors p m , |||p m ||| < 2k ri , satisfying the inequality p m < k~ 2ri / 3 does not 
exceed 2 12 • k 2ri ' 3 . 

Proof. First assume \e q \ > -^q~ l k~ ri . Then, dividing the area of the disc of the radius 
2fc-2n/3 by the 

area of a disc of the radius n\e q \q> -^k ri , we obtain that the number of 
vectors satisfying the inequality p m < k~ 2ri ^ 3 does not exceed 2 12 k 2ri ^ 3 . 

Second, we consider the case \e q \ < ■^q~ 1 k~ ri . According to Lemma |4"75| the clusters 
do not overlap. The distance between clusters is greater than i. Therefore, dividing the 

area of a disc with radius |fc~ 2ri//3 by the area of a disc with radius j-, the last number 
being smaller than \k~ 2ri l 3 by the conjecture of the lemma, we obtain that the number 
of clusters intersecting the disc of the radius k~ 2ri ^ 3 is less than (6fc _2ri//3 g) 2 . Each 
cluster contains less than (9k Vl q~ 1 ) 2 points. Therefore, the total number of of vectors 
Pm, |||Pm||| < 2k Vl , satisfying the inequality p m < k~ 2ri ^ 3 does not exceed (6/c~ 2ri//3 g) • 
{Vk ri q- l f < 2 12 ■ k 2r ^ 3 . □ 
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4.3.2 Lattice Points in the Nonresonant Set 

Lemma 4.8. Let N(k, r 1; x , e ) be the number of points x$ + p n , |||p n ||| < k ri in the 
EQ-neighborhood of T>i(k 21 ) , where Eq = k~ 5>iri and x e IR 2 being fixed. Then, 

N(k, ri ,x ,E ) < 1000- k^r +1 . 

Proof. Let us consider the segment p n -n' between two points i<o+Pn and ><o+Pn' in the 
neighborhood. Obviously, |||p n -n'||| < 2fc ri and p n - n ' > k~^ Vl » e . This means that 
the direction of the segment cannot be orthogonal to the curve (in fact they are almost 
parallel to the curve) and each end can be assigned its own angle coordinate <p n ,(p n ', 
V?n 7^ <fn'- We enumerate the points x + Pn in the order of increasing ip n and connect 
neighboring points by segments. First we consider the segments with the length greater 
or equal to ^k ~ . Since the length of T>i{k 21 ) does not exceed 37r/c, the number of such 
segments does not exceed 650 A; 3 +i . 

1 2r i 

It remains to estimate the number of segments with the length less than ^k s~. 
First, we prove that no two segments p ni _ n ' , p n2 -n' can be equal to each other. We use 
concavity of the curve T>i{k 21 ) and a small size Eq of its neighborhood. We show that for 
every p ni _ n ' with both ends in the neighborhood, there is a point on the curve where the 
tangent vector is parallel to p ni -n' ■ Since the tangent vector changes monotonously with 
<p, no two vectors p ni _ n ; can have the same direction. Indeed, let us consider a segment 
Pm-n' • Let (x, y) be local coordinates associated with p ni _ n j , the beginning of the segment 
being at the origin and the end having the coordinates (r, 0), r = p ni - n t . The curve is 
described by the equation y = y(x). It easily follows from Lemma 13.111 that y'{x) = o(l) 
and the curvature k of the curve T>i(k 21 ) is r(l + o(l)) at all points of the curve. Using the 

formula k(x) = \y"(x) \ (1 + y'(x) 2 ) 3 ^ 2 , we easily obtain y"{x) = — t(1 + o(l)). Using a 
Taylor formula, we get y(r) = y(0) +y'(0)r- ^(l + o(l))r 2 . Note that \y(0)\,\y(r)\ < 2e , 
since both ends of the segment are in the £o _ neighborhood of the curve. Considering also 
that r > k~ r ^ and the estimate on e„, we conclude: \ = 2y'(0)(l + o(l)) + 0(k~ ir ^). 
Substituting this into the Taylor formula 

y'(r)=y'(0)- ~(l + o(l)), (145) 

we obtain: y'(r) = — y'(0)(l + o(l)) + 0(A; _4riM ). If y'ij) and y'(0) have the same sign or 
one of them is zero, the last relation yields |?/(t)| + |y'(0)| = 0(k~ 4rifl ). This contradicts 
to (I145p . since r > k~ ritl . Therefore, y'(r) and y'(0) have different signs. Considering 
that y'(x) is continuous, we obtain that there is a point xq in (0, r) such that y'(xo) = 0. 
This means that the isoenergetic curve at this point is parallel to p ni _ n ' ■ 

To finish the proof of the lemma we consider two cases. Suppose q in the inequality 
(I14ip satisfies the estimate q > k 2ri ^ 3 . Then, by Lemma |4.7[ the number of vectors p n , 
HlPnlll < 2k T1 , satisfying the inequality p n < -)jk~ 2ri / 3 does not exceed 2 12 • k 2ri ^ 3 . Since 
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each of them can be used only once, the total number of short segments does not exceed 

2 12 . fc 2r 1 /3 

Let q < k 2 ^' 3 . If |e,| > igr 1 Ar ri . Then, obviously, ^ 2n/3 < \e q \qk r ^ 3 . Applying 
Lemma |4.6[ we obtain that the number of segments with the length less than -^k~ 2ri ^ 3 
is less than k 2n ^ 3 . Since each of them can be used only once, the total number of short 
segments does not exceed k 2ri ^ 3 . It remains to consider the case q < k 2ri ^ 3 , \e q \ < 
^q~ l k~ Tl . By Lemma |4.5[ clusters are well separated. Considering that the distance 
between clusters is greater than j- and the size of each cluster is less than g-, we obtain 

that no more than 8^qk clusters can intersect ^-neighborhood of T>i(k 21 ). The part 
of the curve inside the clusters has the length Li n which is less than the double size 
of a cluster 10|e g |/c ri (the curve is concave) multiplied by the number of clusters 8nqk, 
i.e., L in < 807r|e g |gfc ri+1 . Next, the segments with the length less than |fc _2ri//3 cannot 
connect different clusters, since the distance between clusters is greater than ^ > |A;~ 2ri//3 . 
Therefore, any segment of the length less than |/c _2ri//3 is inside one cluster. If we consider 
the segments with the length greater than \e q \qk Tl ^ 3 , then the number of such segments is 
less than Li n /\e q \qk Tl ^ 3 , i.e., it is less than 807rfc 2n / 3+1 . By Lemma [4.6[ the total number 
of segments of the length less than \e q \qk T1 ^ 3 is less than k 2ri ^ 3 . Each of them can be used 
only once. Thus, the total number of segments is less than 300k 2ri ^ 3+1 . □ 

4.3.3 Lattice Points in the Resonant Set 

Let Q = {0} U Q where Q = {qi, ...qj}, J > 1 and min q)q / e Q |||p q _ q /||| < k s . We assume 
that all elements of Qo are different. We say that x G 3^q C M? if all the following 
inequalities hold: 

\\Z + P<i\i- k 2 \ < k' 40 ^ when q e Q , 
IIx + JVIr - k 2 \ > k~ m ^ when q £ Q and min |||p q /_ q ||| < k 5 . (146) 

qeQo 

By Lemma 13.131 such x may exist only if J < 3. Let Pq be a diagonal projection: 
(-PQo)nn = 1 if and only if min q6 g || |p n -q|| I < k 5 . The dimension of Pq clearly does not ex- 
ceed (2(J + l)k 5 ) . Suppose x e Ji Qo . We consider operator P Qo [H{k) — (k 21 + e )l) P Qo , 
|£ | < 1, and its determinant -D(x, k 21 + e ). Let §>Q (k,eo) C ^q be the set: 

Sqo(Mo) = {x e ft Qo : -D(x, k 21 + e'q) = for some \e' \ < e } . (147) 

Obviously, §a (k, e ) = §(k, e )n^Q , see (11401) . Let (r 1; r 2 ) be new orthogonal coordinates 
with the origin at the point |p qi , Ti-axis being in the direction of p qi . It is easy to see 
that ft Qo C {(r 1 ,r 2 ) : |ri| < k~ 39 ^ 5 , \k < |r 2 | < 2k}. 

Lemma 4.9. The set D(x, k 21 ) = has the following properties in 91q : 

1. The equation D(x,k 21 ) = describes at most 8 curves. They are described by the 
equations r 2 = fiiji), where |/j'(ti)| < ck~ 1+s , 0<i<J,J<8. 
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2. The set $ Qo (k,e ) belongs to U/S^fc, e ), Si{k,e ) = {x : |r 2 - fi(n)\ < 2e , \n\ < 

£,-39^5 j 

3. The curves t 2 = fiiji), < i < J , all together have no more than 2 31 l 2 -k 8S inflection 
points. 

4- Let 1 is a segment of a straight line, 

1 = {k = (n, An + 2 ), r li0 <n< r 1)0 + ??}, \n,o\ < k^ 5 , (148) 

such that both its ends belong to §>i(k,e ), 2e < rfk~ 81 , < r\ < 1. Then, there is 
an inner part Y of the segment which is not in Si(k, Eq). Moreover, there is a point 
(ti*,t 2 *) in Y such that f-(r u ) = f3 1 , i.e., the curve and the segment have the same 
direction when T\ = Tx*. 

Proof. 

1. Let us consider eigenvalues Aj(x) of Pq H(x)Pq . Obviously, there are no more than 
J + l eigenvalues satisfying the inequality |Aj(x) — k 2l \ < I^ 2 '- 2 - 40 /^ when x G IRq . 
Let Eq be the diagonal projection: (-Eo)m'm' = 1 if and only if m' G Qo- Let 

dH{Z) _ dHo(Z) 

-I- — -H3o S - -^Qo " 



dr 2 "° dr 2 

Considering that other p qi , if any, have directions close to p qi , and T is a diagonal 
operator, we obtain: 

TE = 2lr 2 k 2l ~ 2 E (I + o(l)), |r 2 | « k, (149) 

where o(-) stands in the sense of the norm of bounded operators. Let be a 
normalized eigenvector corresponding to Xf. |Aj(x) — k 2l \ < ^k 2l ~ 2 ~ m ^ . By (1 146[) 
and regular perturbation formulas, = E^ii + o(l). Hence, 

P = (re*, eO = 2/r 2 A; 2i - 2 (l + o(l)). (150) 

<7T 2 

By simple perturbation arguments, |^ = 0(k 2l ~ 2+s ). Hence, the number of curves 

satisfying the equations Aj(x) = k 21 in JIq is at most 2(J+1), each corresponding to 
a particular i, 1 < i < J + l, and a sign of r 2 . They can be described as r 2 = /j(Ti), 
/i(ri) being piecewise differentiable and | (ti ) | < ck~ 1+s . 

2. It easily follows from (fUTj) and (TT50]) that S Qo C u/ =1 S;, 1 < J < 8. 
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3. Inflection points of the curves r 2 = fifa) are described by the system of equations: 



D = 0, (151) 

D T2T2 (D T1 ) 2 + 2D T1T2 D T1 D T2 + D T1T1 (D T2 ) 2 = (152) 

where D = D(x,k 21 ). The left hand sides of (j!5ip and (I152p are polynomials of 
the degree K and 3K - 4, K < 21 (2( J + l)k & ) 4 < 2 l3 lk AS , with respect to n, r 2 . 
If they are mutually irreducible than, by Bezout theorem, the number of inflection 
points does not exceed K(3K — 4) < 2 28 l 2 ■ k 8S . Suppose the left hand sides of 
(11511) and fl 1 5 2 [) are mutually reducible. Then, there is a solution r 2 = /i(ri) with 
the zero curvature everywhere, i.e. a straight line r 2 = ar\ + b. Considering that 
D(tx, aTi + b) = Or 21 + a 2l Tf l ) K ^ 2 ^ (l + o(l)) as T\ — > 00, we conclude that a straight 
line cannot satisfy the equation ( 11511) . Thus, the total number of inflection points 
for the curves t% = fiiji) all together does not exceed 2 31 / 2 • k 8S . 

4. Let us consider a segment ( 11481) of a straight line, such that both its ends are 
in §i(k,e ) and 2e < rfk~ 81 . It follows that & = 0(k~ 1+s ), \(3 2 \ « fe, since 
//( Tl ) = 0(k~ 1+s ). Next, we show that the there is a part 1' of 1 which is outside 
of §i(k,£o). Note that D(Z, k 21 + e' ) = if and only if D(x, k 21 + e' ) = where 
D(k,X) is the determinant of the matrix 

H~ X P^H - A/)P Qo , H = (H - XI)(I - E ) + E . (153) 

Note that diagonal terms of the matrix H~ 1 Pq (H — XI)P Qo are equal to 1 unless 
they correspond to E and 

\\H-\I - E )\\ < ck~( 21 - 2 -^ when % G ^ Qo . (154) 

Let us extend D(ti,0iTi + P2) as an analytic function of T\ into the complex disc 
D = \j\ 6 C : |ti| < k~ 39fiS }. We also consider the following regions in C: 

D q ={neC: ||x + ^ q |g -k 2l \ <k s , j}= (r 1 ,/3 1 r 1 + /3 2 )}, q e Q . 

By D q we will denote the set of vectors x corresponding to D q . We are interested 
only in the connected component (s) of U qe Q D q having the non-empty intersection 
with Hq . It is easy to show that 1 fl Sq C U qe g D q . Therefore, we assume that 
1 C U qe g D q (otherwise the lemma is proved). Note that the estimate (I154j) is 
preserved for such regions, since each D q can be included in the balls of the ra- 
dius ck~ l+1+5 / 2 centered at the points |x + p q |^ — k 21 = and for any pair q, q' 
-£l (l^ + Pqlil - + = 0(|p q -p q /|). Let 

qGQo 
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Obviously D has at most 2(J + 1) roots inside U qe a D q . We denote the number of 
roots by J, J < 2(J + 1) < 8. It is easy to see that \Do\ > k s ( J+1 ^ on the boundary 
of U qeQo D q . Using (HSU) and ([89]), it is easy to show that D = D + 0(k 8J ) on the 
boundary. Applying Rouchet's theorem, we see that D has J roots inside the union 
of the disks and satisfies the estimate \D\ > ^k^ J+1 ^ s on the boundary U qe Q D q . 
Therefore, D can be represented in the form: 



n g u qeQo D q , o < J < 



(155) 



Note that each D q can be included in the balls of the radius ck l+1 + 5 / 2 centered at 
the points |x + p q || z — k 21 = 0. From the minimum principle (/ ^ 0) it follows: 

\f\>ck\ 7 = 5(J + l) + (/-l-(5/2)J>0, (156) 

when T\ G U qe Q D q . It easily follows that (11551) . (I156P hold in JIq . Let us consider 
a segment of the straight line x = [t±, fi\T\ + f3 2 ], t\ G (ri >0 , T\ } q + rj), < 77 < 1. By 
(11551) . there is a point (t[, (3it[ + (3 2 ) in this segment, where \D\ > ck' y r] J . Consider- 
ing that D{t[, fi{r[)) = by the definition of the curve and the obvious inequality 
\D T2 (tut 2 )\ < k 2l(J+ ^-\ we obtain \fi{r[) - {^t[ + ^ 2 )\ > ck^r] J /ck 21 ^- 1 > 
k^ 2l ( J+1 )r] J . If r] 8 k^ 81 > 2eo, then there are points in the segment which are out- 
side §>i(k,Eo). At one of these points the function \fi(r[) — (/3it{ + f3 2 )\ attains its 
maximum value. At this point the curve and the line are parallel. 

Remark. Note that the perturbation series for (Pq (H — A; 2 '/)Pq ) 1 converges (with 
respect to (Pq (H — k 2l I)PQ ) 1 ) when n is on the boundary of U qe Q D q and 



{P Qo (H-k 2l I)P Qo ) 



-1 



< ck 6 



(157) 



By (11551) . the resolvent has no more than J poles inside U qe g D q . Considering 
that each D q can be included in a ball of the radius ck~ l+l+& l 2 and applying the 
maximum principle for the norm of a holomorphic operator, we obtain the following 
estimate inside U qe g D q : 



(Pq^-^DPqo)- 1 



< ck 6 



ck -l+l+S/2 
d 



:i58) 



where d is the distance from a point T\ G U qe Q D q to a nearest pole of the resolvent. 
If <i > 77/16, then 



{P Qo (H-k 2l I)P Qo ) 



-1 



< ck 6 



c k-l+^/2 
7] 



< £ 



-1 
• 



(159) 



It also shows that there is a point in 1 which is not in 2>{k, Sq). 
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□ 

Let A r Q (fc, ri, x , ^o) be the number of points x + p n , |||Pn||| < k ri in SQ (k,Eo), x 
being fixed. 

Lemma 4.10. Let 5 <ri< oo. I/eq < k~ 16fJ-ri then the number of points A^Q (/c,r l5 x ,£o) 
admits the estimate 

N Qo (k, ri ,Z ,e )<2 4 n 2 -k 2 ^ 3+ss . (160) 

Proof. The proof of the lemma is analogous to that of Lemma 14.81 when we replace 
properties of a distorted circle 2)i(A) by analogous properties of the set -D(x) = proven 
in the previous lemma. Indeed, let us consider the segment p n - n ' between two points 
^o+Pn and Ho+Pn' in the ^-neighborhood of a concave component of a curve r 2 = /i(Vi). 
Obviously, |||p n -n'||| < 2fc ri and p n -n' > >> e - This means that the direction 

of the segment cannot be orthogonal to the curve and each end can be assigned its own 
coordinate Ti n , 7i n ', Tin 7^ Tin'- We enumerate the points x +p n in the order of increasing 
Tin and connect neighboring points by segments. Consider the segments with the length 
greater or equal to gjfc 3 . Obviously, the length of the curve does not exceed 1. Hence, 

the number of such segments does not exceed I28k~ . It remains to estimate the number 

1 2r i 

of segments with the length less than -^k 3 . 

First, we prove that no two segments p n i-ni> Pn 2 -n' 2 can be equal to each other in 
the same concave component of a curve r 2 = fiiji). Indeed, both end of Pm-ni are hi 
Sq (^? £ o)- By Lemma |4~9| part 4, there is a point on the curve between two ends of the 
segment, where the curve is parallel to a segment (we notice that now we use the lemma 
for i] > k~^ ri ). The same is true for p n2 _ n ' . Since we consider a concave component of a 
curve, it cannot be true. 

To finish the proof of the lemma we consider two cases. Suppose q in the inequality 
(11411) satisfies the estimate q > fc 2ri//3 . Then, by Lemma 14. 7\ the number of vectors p n , 
\\\pn\\ \ < 2k T1 , satisfying the inequality p n < -^k~ 2ri ^ 3 does not exceed 2 12 • k 2ri ^ 3 . Since 
each of them can be used only once, the total number of short segments does not exceed 

2 12 . fc 2ri/3_ 

Let q < k 2ri/3 . If \e q \ > ^gq~ 1 k~ ri . Then, obviously, ±k~ 2r ' l/3 < \e q \qk Tl/3 . Applying 
Lemma |4.6[ we obtain that the number of segments with the length less than -^k~ 2ri ^ 3 
is less than k 2ri ^ 3 . Since each of them can be used only once, the total number of short 
segments does not exceed k 2ri ^ 3 . It remains to consider the case q < k 2ri ^ 3 , \e g \ < 
■^q~ 1 k~ Tl . By Lemma 14.51 clusters are well separated. Considering that the distance 
between clusters is greater than ^ and the size of each cluster is less than ^, we obtain 
that no more than 4g clusters can intersect ^-neighborhood of a concave component of 
a curve r 2 = The part of the curve inside the clusters has the length L in which 

is less than the double size of a cluster 10|e g |fc ri multiplied by the number of clusters 
4g, i.e., L in < 40\e q \qk ri . Next, the segments with the length less than |/c~ 2ri / 3 cannot 
connect different clusters, since the distance between clusters is greater than j- > \k~ 2rx l 3 . 
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Therefore, any segment of the length less than |/c _2ri//3 is inside one cluster. If we consider 
the segments with the length greater than \e q \qk ri ^ 3 , then the number of such segments is 
less than Li n /\e q \qk Tl ^ 3 , i.e., it is less than A0k 2ri ^ 3 . By Lemma 14. 6[ the total number of 
segments of the length less than \e q \qk Tl ^ 3 is less than k 2ri ^ 3 . Each of them can be used 
only once. Thus, the total number of segments is less than Alk 2ri ^ 3 . 

We proved that the number of segments in ^-neighborhood of each concave component 
of a curve r 2 = fiijx) does not exceed 2 13 k 2ri ^ 3 . By Lemma |4.9[ part 3, the number of 
such components does not exceed 2 31 Z 2 ■ k ss . The estimate (I160p easily follows. □ 



4.4 Preparation for Step III - Analytic Part 
4.4.1 Model Operator for Step III 

Let r 2 > r\ > 10 8 . Further we use the notation: 

fi(r 2 ) = {m: |||p m ||| < k r ' 2 }. (161) 

We repeat for r 2 the construction of the section 13.5.11 which was done for an arbitrary 
r\ > 2. It is easy to see that the whole construction is monotonous with respect to r%. 
Namely, 

M((p ,n) C M(v? ,r 2 ), M'Oo,ri) C M'Oo, r 2 ), Mi(^ ,ri) C M 1 ((p ,r 2 ), 

M 2 (v9 ,ri) C M 2 ((p ,r 2 ), Mi(^o,ri) C M 1 ((p ,r 2 ), M 2 (y? ,?"i) C M 2 (y2 ,r 2 ). 
Let ip G tu( 2 \k,5, 1). Put 

M< 2 > := M( 2 )(^,r 2 ) = {m G M((^ ,r 2 ) : ^ e Og\l0r[, 1)}, (162) 

where 0^(10 r[, t) is the union of the disks of the radius rk 10ri with the centers at poles 
of the resolvent of fc^-component containing M^((po) + p m - More precisely, for each m G 
^t(v 9 0; r 2) we construct k s -box around it. We establish 3k s equivalence relation between 
such boxes. Such components separated by k 5 from each other we call /^-components. 
Then { A\Wr[ , r) is the union of the disks of the radius rk 10r i with the centers at 
poles of the operator (P m (H \yP-> (<^o)) — & 2Z -0-Pm) -1 , where P m is the projection onto a 
particular /^-component containing x'%o) + p m . We notice (see the proof of Lemma 
13.131 with 3k s and k 7 " 2 instead of k s and k Tl ) that each /^-component contains not more 
than 4 elements m G M(^q, r 2 ). For such m corresponding sets O m ^(10r^, r) are identical. 
By construction of the non-resonant set co^ 2 \k, 5, 1), we have D ^(r{) = 0. 
Further we use the property of the set M 1 - 2 ^ formulated in the next lemma. 

Lemma 4.11. Let m G Q(r 2 ), 1/20 < 7' < 20 and Il mo be the k 1 ' Tl -neighborhood (in 
|| ■ || \-norm) o/m . Then, the set Il mo contains less than ck 27 ri / 3+1 elements of r MS 2 \ 
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Proof. If m G M^ 2 **, then there is a <p* : \(po — cp^\ < k 10r/l such that 

det (P m (#(x ( %*)) - k 2l l)pj) = 0. (163) 
Therefore, for some e' : \e' \ < Eq, Eq := c/c 2 '~ 1 ~ 10r i , 

det (P m (i?(x«(^ )) - (k 21 +e' )l)P m j = 0. (164) 

Indeed, if (HMD holds for no e 7 , then (p m (#(£ (1) (<A))) - k 2l l)P m ^j * < c£r 2m+10r i, 
since <y9 is real and, hence, H(}<^(ip ) is selfadjoint. Using Hilbert identity, we obtain 
that (p m (H{ZW{<p*)) - k 2l l)P m ^ is bounded. This contradicts to ffTBBl . Hence, ffT64l) 
holds for some e : |£q| < e . 

Suppose m G Mi(^ ,r 2 ). Then, (11641) means that |A (1) (x (1) (y?o) + p m ) - & 2 '| < Re- 
introducing the notation k§ = >c^ 1 \lpq) +p mo , we rewrite the last inequality in the form: 
|A (1) (x +Pm-m ) - k 2l \ < e , where |||p m - mo ||| < W r \ It follows that x + p m -m is 
in the real c£o& -2 ' +1 -neighborhood of T>i(k 21 ). Applying Lemma [4.8[ we obtain that the 
number of such points does not exceed ck 2 " , ' Vl ^ 3+1 . Let m G 3v[ 2 (Lp ,r 2 ). Namely, let m 
belongs to a component M. 2 ((po,r 2 ). Then, | + Pm|| — k 2 \ < k~ mtl8 and (I164p 
holds, P m being the projection on M^y^o,^)- Using again the notation x = ^'(ipa) + 
p mo , and the definition of M. 3 2 (ipo,r 2 ), we obtain: | |x + p m _ mo + p q | 2 — /c 2 | < k~ 40 ^ s 
for all q G Qo, where Q := M^^o,^) — m. In terms of Section I4.3.3[ (I164p means 
%o + Pm-mo ^ ^Q (k,e ), see (H47p . Applying Lemma [4. 101 and using (I164p . we obtain 
that the number of such points does not exceed cfc 27 ri / 3 + 85 for a fixed Qo- Considering 
that the total number of sets Qo does not exceed ck 12S , we obtain that the number of 
points x + Pm-mo e UQ Sg (fc,£o) does not exceed ck 2 " 1 r i/ 3+20<5 . Adding the estimates 
for the total number of resonant and non-resonant sets, we prove it is strictly less than 

C - oA .2 7 V 1 /3+l_ 
□ 

Let us split fc r2 -box into A; 71 " 1 -boxes as described below. In the whole construction 
below we will have 7 = |, but in some cases we will refer to the similar estimates with 
other values of 7. That's why in what follows we prefer to use implicit notation. The 
procedure consists of several steps. On each step we introduce a new scale of a box. 
Further structure will acquire additional scales at each step of approximation procedure. 
This is why we call the procedure Multiscale Construction in the Space of Momenta. 

(2) 

1. Simple region. Let fl s (r 2 ) be the collection of m G fi(r 2 ) with small values of 
p m , namely, Qs(r 2 ) = {m G Q(r 2 ) : < p m < k~ 5r 'i}. It is easy to see that 
£ls(r 2 ) C M,(ifo,r 2 ), since p m is small, see flTTj) . (I69I) . Next, if m G Q^fa), 
then there are no other elements of M(y9 ,r 2 ) in the fc^-box around m. Indeed, 
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let x = H^'((po) + p m - It is is a small perturbation of xW(^o), hence it satisfies 

||x + Pn| 2 - |>?| 2 | > fA;- 40 ^(l +o(l)) when < |||p n ||| < k 5 , see ((60]). This means 

(2) 

m + n ^ M(</>o,r2). Further, if m G flj ( r 2), then there are no other elements of 
(J2) i n the surrounding box of the size k ri , see (I2"8"j) . Last, m itself can belong 
or do not belong to M 1 - 2 ), there are no other elements of M^ 2 * 1 in the k Tl -box around 
such m. Indeed, x^^o) satisfies the conditions of Lemma [3.181 This means that 
the /^-cluster around each q: < |||p q ||| < k n is non-resonant. Moreover, the k s - 
box around each m + q: < || |p q || | < k ri is non-resonant too, since p m is sufficiently 
small. This means m + q ^ M 1 - 2 ^. 

For each m e tt^\r 2 ) we consider its k Tl ^-neighborhood. The union of such boxes 
we call the simple region and denote it by U s (r 2 ). The corresponding projection is 
P s . Note, that the distance from the simple region to the nearest point of M 1 - 2 ^ is 
greater than \k ri . 

2. Black region. Next, we split f2(r 2 ) \ (^( r i) U II a ) into boxes of the size k in . All 
elements m G M^ 2 ** there satisfy p m > k~ 5Vl . We call a box black, if together 
with its neighbors it contains more than fcW 2+(5ori elements of M (2) , 5 = 7/IOO 
(in particular 5 r i > 100). Let us consider all "black" boxes together with their 
k nfri+5 ° ri -neighborhoods. We call this the black region. Note that that the size of 
the neighborhoods involved is much smaller than the size of the neighborhoods k Vl ^ 2 
for the simple region, since 7 + ^0 < §■ The estimates for the size of the black region 
will be proven in Lemma 14 .121 We denote the black region by n&. The corresponding 
projector is Obviously the distance between black and simple regions is greater 
than \k ri . 

3. Grey region. By a white box we mean a fc 7ri -box, which together with its neighbors 
contains no more than / c 7^ , i/2+<5on elements of M^. Every white box we split into 
"small" boxes of the size } t ' yTl l' 2+2&ori . We call a small box "grey", if together with 
its neighbors it contains more than k^ ri ^- Sori elements of M (2) . The grey region 
is the union of all grey small boxes together with their /c 7ri//2+2<5ori -neighborhoods. 
Note that that the size of the neighborhoods involved is much smaller than the size 
of the neighborhoods the simple and black regions. The estimates for the size of 
the grey region will be proven in Lemma [4.131 The notation for this region is Il 9 . 
The corresponding projector is P g . The part of the grey region, which is outside the 
black region, we denote by LT^ and the corresponding projection by P' g . Obviously, 
the distance between grey and simple regions is greater than \k ri . 

4. White region. By a white small box we mean a small box, which together with its 
neighbors has no more than ^t^i/6-5o^i elements of M^. In each small white box 
we consider /c 7ri//6 -boxes around each point of JAS 2 ^. The union of such fc 7ri / 6 -boxes 
we call the white region and denote it by The corresponding projection is P w . 
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Note that the size of the neighborhoods involved is much smaller than the size of the 
neighborhoods the simple, black and grey regions. The estimates for the size of the 
white region will be proven in Lemma 14.141 The part of the white region which is 
outside the black and grey regions, we denote U' w and the corresponding projection 
by P' w . Obviously, the distance between grey and simple regions is greater than 

2 K ■ 

5. Non-resonant region. We also consider | /^-neighborhoods of all points in the set 
M(r 2 , cpo) \ ^M(r 1; ip ) U M,^ U Q^\r 2 )^ . The union of this neighborhoods we call 
the non- resonance region Il nr . The corresponding projection is P nr . The part of 
the non- resonant region which is outside U s U U b U II 9 U U w , we denote Yi' nr and the 
corresponding projection by P' nr . 

Let 

P r := P s + P b + P' g + P' w , P^ : = Pr + P' m , + P( ri ) 

index r standing for "resonant". 

First, we establish 3/c 7ri+<s ° T ' 1 -equivalence relation between black boxes. Then the set 
Tlfo can be represented as the union of components (clusters) separated by distance no less 
than fc 7ri+Sori . We denote such a component by LT^. 

Lemma 4.12. 1. Each Ii 3 b contains no more than c £;W2-<5on+3 black boxes ^ 

2. The size ofW b in \\\ • ||| norm is less than ck 3rri ^ 2+3 . 

3. Each lP b contains no more than ck' yri+3 elements of M,( 2 \ Moreover, any box of 
|| | • || | -sue cfc 37ri / 2+3 containing LT^ has no more than ck 1T1+3 elements ofM,^ inside. 

Proof. Let n b be the number of black boxes in U J b , L b be the size of H J b and N b the 
number of elements of M (2) in nj. Obviously, L b < n b 3k^ ri+5 ° ri and N b > cn b k" fri / 2+s ° ri . 

By Lemma I4.11[ N b < cL 2 J 3 k. Solving the last three inequalities for n b} we get n b < 
cA . 7 r-i/2-5or 1+ 3_ It follows Ly> < cA; 3 7 r 1 /2+3_ Nexfc) we consic ier a box of the size k 3 ^' 2+3 , 

containing Ii b . Using again Lemma [4.111 we obtain that the number of elements of 
in this box is less than cL^ 3 k. Therefore, N b < ck iri+3 . □ 

Second, we establish 3fc 7ri/ ' 2+2 ' 5oT ' 1 -equivalence relation between small grey boxes. Then 
the set n g can be represented as the union of components separated by distance no less 
than / c 7n/2+2(5 ri_ ^y e denote each such component as LT^. 

Lemma 4.13. 1. Each lP g contains no more than ck" /ri ^ 3+2SoVl grey boxes. 

2. The size of Hi m III • III norm is less than c/c 5 " rri / 6+4<5 ° ri . 

3. Each W g contains no more than k' yri ' 2+5 ° ri elements of M,( 2 \ 



49 



Proof. Let us consider a part of W g belonging to one "big" white box. Let n g be the 
number of grey boxes in IT^. Let L g be the size of LT^ and N g be the number of elements 
of M (2) in n^. Obviously, N g > cn g k" fri / 6 - s ° ri . By definition of a big white box N g < 
A . 7 r 1 /2+5 ri_ Therefore, n g < c k^ 3+25 ° ri . Clearly, L g < n g 3k^ ri / 2+25 ° ri < c k 5 ^/ 6+4S ° ri . 
Since 5q < 7/24, we obtain that the size of each grey component is much less than the 
size /c 7ri of a big box. The lemma is proven under condition that IL^ is inside one of white 
boxes. Suppose W g intersects more than one white box. Considering that the size of U g 
in each big white box is much less than the size of this box, we conclude that IL^ fits into 
neighboring boxes and satisfies the estimates proven above. □ 

Third, we consider points of in small white boxes. We establish 3 k 1Vl ^-equivalence 
relation between them. Considering fc 7ri ^-neighborhoods of the points in M^, we see 
that this neighborhoods form clusters LT^ of U w separated by the distance no less than 
k rn/6_ The num ber of M (2) points in a white cluster we denote by N^. 

Lemma 4.14. 1. The size ofW w in \\ \ ■ \\\ norm is less than ck 1Vl ^ 3 ~ s ° ri . 
2. Each H 3 W contains no more than fc7n/6-5on pomts / JvK 2 ) . 

Proof. Let us consider points of M^ 2 ) in a small white box. By the definition of the 
white small box, the number of such points does not exceed k" /ri ^ 6 ~ s ° ri . We consider the 
k 7ri ^-neighborhoods of these points. They can form clusters. The total contribution from 
all points of M 1 - 2 ** in the small white box and its neighbors, obviously, does not exceed 
3£,7n/3-<5on^ wn i cn j s much less than the size of a small white box. Therefore, each IT^, 
can't spread outside of the small white box and its neighbors. This proves both statements 
of the lemma. □ 

At last, we also establish /^-equivalence relation between all points in M(r 2 , ipo) \ 
(M(r 1; <p ) U M( 2 ) U fti 2) (r 2 )). Then the set U nr can be represented as the union of com- 
ponents (clusters) separated by distance no less than ^k s . We denote such a component 
byIP nr . 

Next, we slightly change definitions of the black, grey and white areas to adjust their 
boundary to the structure of clusters. Namely, if /^-cluster containing points of M(v?o ; r 2)\ 
M^ 2 - 1 has a distance less than k 5 to a white, grey or black area, then we include it into the 
area with the lightest color. This "addition" does not change formulation of Lemmas 14. 121 
14.131 14.141 since the size of a /^-cluster is much smaller that the sizes of IT|, LT^, LT^. If a 
white cluster has a distance less than k iri ^ to the grey or black area, we include it into 
that with the lighter color. This "addition" also does not change formulation of Lemmas 
I4.12[ 14.131 since the size of a white cluster is much smaller that the sizes of 11^,11^. If a 
grey cluster has a distance less than jsy r i/ 2 + 25 a r i to the black area, we include it into one of 
these areas. This "addition" does not change formulation of Lemma f4.12[ since the size of 
a grey cluster is much smaller that the size of any LT^. The new structure has the following 
properties: if the intersection of the ^^-neighborhood of a A^-cluster with white, grey or 
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black area is not empty, then this cluster is completely in this area. If the intersection of 
the k iri ^-neighborhood of a white cluster with grey or black area is not empty, then this 
cluster is completely in this area. If the intersection of the /c 7ri / 2+25 ° ri -neighborhood of a 
grey cluster with the black area is not empty, then this cluster is completely in this area. 
5q < 7/24, 7 < 1/3. This means that each component of the white, grey, black and non- 
resonance region is much smaller in ||| • |||-size than il(ri). Moreover, there are no points 
of inside fi( r i)- If ^ ne ^-neighborhood of a white cluster intersect fi( r i)> we 
reduce fi( r i) °y this neighborhood. This insignificant reduction does not change Step II. 
We make a similar reduction of f2( r i) if ^ * s intersected by neighborhoods of grey or black 
clusters. Sometimes it will be convenient to numerate the projections P(ri), Pb, P' g , P' w , 
P' nr , P s by indices 0,1,2,3,4,5 as Po, P\, P2, P3, P4, -P5. The corresponding sets are IL;. Note 
that each IT consists of the components U i3 ; , j = 1, J(i) as described in the construction 
of the sets IT. The distance between closest components IL^, i = 1,2, 3, 4, 5 with the same 
first index is greater than k' yri+Sori , W ri / 2+2Sori , A; 7ri / 6 , \k 6 ', k^ ri , correspondingly. Then 
we can rewrite 

5 

P (2) = P t . (165) 

We introduce the boundaries dfi(ri), <9n b , dU' g , dH' w , dU' nr , dli s of the sets ^(77), U b , U' g , 
Tl' w , Tl' nr , II S as follows: <9f2(?7), dll b , dTl' g , dll' w , dll' nr , dH s are the sets of points in f2( r i)> 
Il b , n^, H' w , H.' nr) II S whose ||| • || (-distance to the complements of fi( r i)> Ii b) 11^, IY W , W nr , 
U s , respectively, is less than ^k s . The corresponding projectors we denote as P a (ri), P b 9 , 

P'g 9 , Pi", P'nr, ^ OT P? , i = 0, 1, 2, 3, 4, 5. 

Lemma 4.15. Let i, i' = 0, 1, 2, 3, 4, 5, i ^ i' . The following relations hold: 

PiPv = 0, (166) 

PiVP v = 0, (167) 

(/ - P^)VPi = (I- pW)VFf. (168) 

Corollary 4.16. Operators p( 2 )\/p( 2 ) and p( 2 )_f/p>( 2 ) have a block structure. Namely, 



P (2) VP (2) = ^2PiVPi, pWHpW = J2 p i HP i- ( 169 ) 

i=0 i=0 

P.VP, = PijVPij, P t HP t = PijHPij, (170) 



j 



The lemma easily follows from the construction of the projectors and the fact that 
Vjji = when \j - j'\ > \k 5 . 

Remark. Thus, we have constructed a multiscale structure inside P^HP^ 2 \ blocks of 
different colors having distinctly different size. Merging blocks of a smaller size (a lighter 
color) with neighboring blocks of a bigger size (a darker color), we made the blocks to be 
separated by the ||| • ||| distance greater then k 5 . 
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Lemma 4.17. Let ip E u®(k, 5, r), \<p - <p \ < k' 21 ' 40 ^' 6 '. T/ien, 



P nr {H{^ 2 \^))-k 2l l)P n 



< 



ck 40r K 



(171) 



Proof. The set n nr can be presented as Ujll{ r , each n^ r being a /^-cluster, and the 
distances between sets lP nr is no less than ^k s . Therefore, P nr = ^ . P^ r , where P^ r are 
projections corresponding to UP nr , and P nr HP nr = . P^ r HP^ r . Hence, it is enough to 
prove 



< 



dfe 40 ^. 



(172) 



It follows from Lemma 13.141 Indeed, by construction, each W nr contains m 6 M((/?,r2), 
M(9?,r 2 ) = Mi(<y9,r 2 ) U M2(<£>,r 2 ). We can apply Lemma 13.141 since it is proven for any 
r\ (no restrictions from above). We take Eq = k~ 10ri in Lemma [3. 141 since the distance 

from ip to the nearest pole of the operator \ P^ r {H{x^(ifo)) — k 2l l)Pl r ^j is greater 

than k~ 10r>1 . By analogy with Corollary 13.161 we obtain (recall that now p m > /c~ 5r i) 



PL{H{^\^))-k 2l l)PL 



< 



ck 40 <. 



(173) 



Taking into account that xM(tp ) - H^((p ) = o(k- 21 - 40 ^) and ^(tp) - x (2) (<^o) 
o(k- 2l+1 - m <), we arrive at QESJ. □ 

Lemma 4.18. Let cp G u^ 2) (k, 5, r), and \<p - <p \ < k~ 44r '^~ 2l ~ 5 , %=1,2,3. Then, 



1. The number of poles of the resolvent \^Pi(H(x^ (ip)) — k 2l l)Pij in the disc \(p — 
(p \ < k~ M <- 2l - s is no greater than ivf } , where = W ri+S , iV 2 (1) = k^ ri ' 2+5 ° r \ 

J\fW — fcyri/S—Sori 

2. Let e be the distance to the nearest pole of the resolvent in W^ 2 ^ and let Eq := 
min{e, A; _llri }. Then, the following estimates hold: 



P i (H{^ 2 \^))-k 2l l)P i 



P^Hi^i^-k 21 !)^ 



< ck^ 



, (k 



-llr' \ N i 



(i) 



to 



< C k 44r 'i +8 ^ 



(174) 



(175) 



Proof. Let IT be a component IT|, LT^ or n^. By Lemmas I4.12[ 14. 13^ 14.141 the number 
N of elements M,^ fl II does not exceed ck 1Vl+3 . Let us recall that the set is 
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defined by the formula ( 11621) . where Om is the union of the disks of the radius k 10r i 
with the centers at poles of the resolvent of /^-components containing xW(<^ ) + Pm- 

(2) 

Om and an analogous set consisting of smaller discs: 



Let us consider 0^ 



LL 







(2) 



u 



,)(2) 



iGnnMt 2 ) 

i(2) 



6m, where m have the radius k llr i. Since iV < cfc 7ri+3 , the total size 



of 6g } is less than fc- llr ^ ri+3 = o(A;- 10r i). 

First, assume <y?o £ 0g\ Then, we can apply Lemma T3. 141 and Corollary 13.161 Indeed, 
let us consider a /^-component in II. We denote it by M(m) and the corresponding 

(2) ~ (2) 

projection P m . By the definitions of m , m , the distance from (p to the nearest 
pole of (P m (if (x^) — fc 2Z /)P m ) is greater than k~ llr>1 . Applying Lemma [3. 141 to these 
resolvents, we obtain (recall that now p m > k~ w ^ ri ): 



{P m (H(^ l \ Vo ))-k 2l I)P m ) 1 



< ck 



44r 



(P m (^(x (1) (^o))-A: 2/ /)P m ) _1 
By analogy with Corollary 13.161 

{p{H{^\^))-k 2l i)py' 
(p{H{^\^))-k 2i i)py l 



< 



ck 4A < +45 . 



(176) 



(177) 



<ck i4 <, 
< ck 44 <L\ 



where P is the projection for all k s components in IT, L is the size of IT. Arguing as 
in the proof of Theorem 14.1} we show that the perturbation series for the resolvent 
(Pn(P(x {1) (y? )) - k 2l I)Pu)~ l converges when we take PH(xW(<p ))P + (P n - P)P 
as the unperturbed operator. Therefore, 



(P n (P ! (x( 1 )(^ ))-^/)Pn) _1 



< 



ck u <. 



no poles being inside of the disc. Taking into account that \(p — (p \ < k 44r i 21 5 and 
| #( 2 ) - x «| = o(fc" 44r i- 2/ ), we obtain 



{Pu{H{^ 2 \ V ))-k 2l I)PnY l 
By Lemmas I47T21 14331 Q4l L < k 2 ^ r \ 



<ck Ur K 



(P u (H(^ 2 \ V ))-k 2l I)P u ) 



-i 



< ck 8 ^ +Mr K 



Thus, the resolvent has no poles inside the disk around ipo and the estimates (I174p . (I175P 
hold with e := k' 11 ^. Second, if <p £ Q$\ then y? <£ Og^llri, ±). Therefore the 
estimate similar to the last two hold. Now estimates (I174p . (I175P easily follow. 
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~ (2) 

It remains to consider the case <£>o,y? e ®n ■ Obviously, v^cV 9 belong to the same 

~ (2) 

connected component of n or to different components being at the distance less than 
f rom each other. We consider a tp* G d0^\ where 80^ is the boundary 

(2) 

of the component(s) containing (fo,(f- Note that <p* G" Om (llri, 1) for all m 6 II. In- 
deed, for m G M*- 2 ), it follows from the relations tp* G 80^ and the definitions of 
0^,0^. If m G n \ M( 2 ), then <p Q is not in ( ^\lOr[, 1) by the definition of M (2) . Since 
ip ,f G 0$ and the length of og } is o(A;- 10r i), we have ip* G" Q$(10r[, §). Now, con- 
sidering as in the case </3o t- On i we obtain that the perturbation series for the resolvent 
(P n (#(x {1) (^*)) - k 2l I)P u )~ l converges when we take P#(x«(<^))P + (^n - ^)#o as 
the unperturbed operator. Therefore, 



< ck 



44r 



The number of poles of the resolvent (Pjx(H (x^^ip)) — k 2l I)Pjij 1 in 0$ is the same as 
the number of poles of the resolvent of unperturbed operator. Hence, it is N. Using the 
Maximum principle, we get ( I174p for the case e < k~ llTl , where iVj = N and depends on 
color of II. Considering that the dimension of Pq does not exceed fc 87ri , we obtain (j!75p 
□ 

At last, let 11^ be a particular fc ri / 2 -box around m containing. Let P| be corresponding 
projection. 



Lemma 4.19. Let ip G uj (2) (k, 5, r). Then, the operator (Pf (H (x (2) (<p)) - k 2l l)P ] s 
has no more than one pole in the disk \cp — (p \ < k^' 1 "' 1 ^ 5 . Moreover, 



Pl(H{^ 2 \^))-k 2l l)P; 



-i 



< 



8k~ 2l+1 



pi(H(^ 2 \<p))-k 2i i)pi 



-i 



< 



8A .-a+i+4n 



Pm£0 



:i78) 



(179) 



eq = min{e, k r i 8 }, where e is the distance to the pole of the operator. 



Proof. The proof is similar to that of Lemma 13.141 (part 3). Indeed, when p m < 
fc -5r i, the series for \^(><^((p) + p m ) converges in the complex k~ Vl ~ s neighborhood 
of u^(k,5,r) and X^(^ 2 \cp) + pj) = A«(x«(^) + p m ) + o(Ar 100ri ), see pi]) . By 
Lemma flO.ll the equation A^ (x^ (</?) + p m ) = k 21 + eo, \eo\ < p m k 5 has no more than 
two solutions in this neighborhood of u ( - 2 \k, 5, r). Using Rouche's theorem, we obtain the 
same fact for \^ 2 \x^ 2 '{ip) +p m ) = £o- It is easy to show that the analogs of Lemmas 110.21 
ED!] and Ey] hold for A^(x( 2 )(y?) + p m ). Thus, we obtain IjTTBjl . (TTT91) . □ 
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4.4.2 Resonant and Nonresonant Sets for Step III 

We divide [0, 2ir) into [2irk 44r ' 1+2l+5 ] + 1 intervals A„ with the length not bigger than 
^,-44r 1 -2/-5_ jf a particular interval belongs to O^ 2 ) we ignore it; otherwise, let (fo(m) G" 0^ 

(2) 

be a point inside the A™ . Let 



W« = G W< 2 ) : 



\<p - <p {m) 



< 4A;- 44 ^- 2Z - 5 }. 



;iso) 



(2) 

Clearly, neighboring sets Wm overlap (because of the multiplier 4 in the inequality), they 
cover W^ 2 ) , which is the restriction of W^ 2 ) to the 2/c _44r i ^'^-neighborhood of [0,2-71"). 
For each cp G there is an m such that \(p — Lp (m)\ < ^-^i- 21 - 6 . We consider 

the poles of the resolvent (p( 2 )(P"(j?( 2 )(yj)) — k 2l )P^) 1 in W„ and denote them by 
ip m j, j = l,...,M m . By Corollary 14.161 the resolvent has a block structure. The number 
of blocks clearly cannot exceed the number of elements in f2( r 2)> i- e - k 4r ' 2 . Using the 
estimates for the number of poles for each block, the estimate being provided by Lemma 
14. 181 Part 1, we can roughly estimate the number of poles of the resolvent by k 4r2+Tl . 



Next, let r' 2 > llr[ and 0^ be the disc of the radius k r ' 2 around ip^ 



Definition 4.20. The set 



Q(3) 



U (3) 



we call the third resonant set. The set 



W (3) = ^(2) y q(3) 

is called the third non-resonant set. The set 

w (3) = W (3) n [ 0> ^ 

is called the third real non-resonant set. 



;i8i) 



;i82) 



;i83) 



Lemma 4.21. Let r' 2 > /ir 2 > 44r^ ; ip G W^, <^o( m ) corresponds to an interval Am 
containing 9ft^. Let LT be one of the components Ui(ip (m)) , W b ((p (m)) , W g ({p (m)) , 
n{,(v 9 o( m )) one? P(I1) be the projection corresponding to LT. Let also x G C : \k — 
x( 2 )((^)| < k- r '^ r \ Then, 



(p(n) (H(z(<p)) - k 2l i) p(n)) -1 < C fc 2 " r2+ ^ (1) 



(p(n) (h(x{ v )) - k 2l i) P(n))" 1 < ck ^ +l > 2+ ^ NW 



;i84) 



;i85) 



N (i) corresponding to the color of TL = 1, k^ ri+3 , k" /r ^ 2+s ° ri , feWe-Son for simple, 
black, grey and white clusters, correspondingly. 
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Proof. For x = yp> (</?) the lemma follows immediately from the definition of W^ 3 ^ and 
Lemmas 14. 181 and 14. 191 (p m > k~ 2 ^ r2 ). It is easy to see that estimates (11841) and fl 185[) are 
stable with respect to perturbation of of order k~ r ' 2k2 "' ri . □ 

By total size of the set (3) we mean the sum of the sizes of its connected components. 

Lemma 4.22. Let r' 2 > (// + 10)r 2; r 2 > 45r[ + 21. Then, the size of each connected 
component of 0^ is less than k 5r2 ~ r ' 2 . The total size of 0® is less than k~ r ' 2 ^ 2 . 

Proof. Indeed, each set Wm contains no more than k 4r2+Tl discs 0®. Therefore, the 
size of o( 3 ) nw$ is less than k r 2+ 5r2 . Considering; that k r 2+ 5r2 j s m uch smaller that the 
length of Am , we obtain that there is no connected components which go across the whole 
set Wm and the size of each connected component of (D® is less than k 5r2 ~ r ' 2 . Considering 
that the number of intervals A™ is less than / c 45r i+ 2Z +< 5 ; we obtain the required estimate 
for the total size of (3) . □ 

Lemma 4.23. Let if e and C 3 be the circle \z — k 2l \ = k~ 2r ' 2k2jri . Then 

\(P(n)(H(^ 2 \<p))-z)P( ri )) 

Proof. The proof is similar to the proof of Lemma 13.211 if we take into account H123[) 
and (I138p . We notice also, that since in the proof of the lemma we use the estimates from 
the previous step along with some perturbation arguments: first, the series decomposition 
(cf. (I120p and (I123p ). and second, the shift from k^> to h^ 2 \ we accumulate additional 
factor 4. □ 

5 Step III 

Let k* be sufficiently large to satisfy the estimates: 

K > h(V, 5, r), k 5 J 8 > 10 8 +\\V\\+fi + 21, 

ki(V, S, r) being introduced in the formulation of Theorem 14.11 We also assume that fc* is 
such that all constants c in previous estimates (e.g. (I184p . (I185p ) satisfy c < k 5 J & . Since 
now on we consider k > k*. This restriction on k won't change in all consecutive steps. 
We introduce a new notation Ot{-)'- let f(k) = Or(fc -7 ) mean that |/(A;)| < T/c~ 7 when 
k ^> . 

5.1 Operator H^ 3 K Perturbation Formulas 

Let P(r 2 ) be an orthogonal projector onto fi(r 2 ) := {m : |||p m ||| < k T2 } and = 
P(r2)HP{r2). From now on we assume 

k 5 <r 2 < F 10_7ri . (186) 
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Note that A5r[ + 21 < k s < k^ 10 ?ri for all k > K, since 10 8 < r 1 < k s ^ s . Let (3 
21 - 2 - 41/i<5 and 



5/xr 2 <r' 2 < j^k s ^ 5 - 3 . (187) 



P lJpri-S-3 

128 

We consider H^ 3 \^ 2 \ip)) as a perturbation of H^ 2 \>i^((p)): 



where if = #(x( 2 )(y?)), F = H Q (^ 2 \p)) and p/ 2) is the projection P&\ see ffT65l) 



corresponding to <fo(j) in the interval containing ip. Note that the operator 

~ (2) ~ (2) 

has a block structure, the block Pj HPj being composed of smaller blocks PiHPi, 
i = 0,...,5, see flT£SD, 012^. Let 

W (2) = p(3) _ p(2) = p( r2 )yp( r2 ) _ pWvPjP, (188) 
^( 3 )(x) : = izl^Tr / (V (2) (if (2) (x) - z/)- 1 )" dz, (189) 
G?X%) := / {H {2 \x) - zl)- 1 (wW(HW{k)-zI)- 1 X dz, (190) 

27TZ J c „ \ J 



'C 3 

21 \ _ „(3) J3) _ , -2r>k 2 "' r i 



where C3 is the circle \z — k | — c , c — ™ 

Theorem 5.1. Suppose k > k*, (p is in the real k -7 '?" 5 -neighborhood of u^ 3 \k,5,r) and 
x e I, |x — x^ 2 ^(y9)| < £q 3 ^~ 2 ' +1 ~ 5 ; x = x(cosv?, sintp). Then, there exists a single 
eigenvalue of H^ 3 \k) in the interval £^{k, 5, r) = (k 21 — k 21 + e^^j . It is given by the 
absolutely converging series: 

00 

A( 3 )(x) = A( 2 )(x) + ]T^(x). (191) 

r=2 

For coefficients g^ 3 \>i) the following estimates hold: 

\gf\>c)\<k-^ ri - 6 ^r-i). ( 192 ) 

The corresponding spectral projection is given by the series: 

00 

£W(j?) = e«(jJ) + ^Gp)(j?), (193) 

r=l 

£^(x) being the spectral projection of H^(x). The operators G^(x) satisfy the esti- 
mates: 

||G??)(*)|| 1 <A;-^ fc ' 1 " a -^, (194) 
Gi 3) (x) ss , = 0, when 2rk in+3 + 3k n < \\\p s \\\ + \\\p 3 >\\\- (195) 
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Corollary 5.2. For the perturbed eigenvalue and its spectral projection the following es- 
timates hold: 

A( 3 )(x) = A^(x) + 2 (k-^ kri - s -P) , (196) 



||£( 3 )(x) - e^^lL < 2k-^- s ~P. (197) 
|£ (3) (^)ss'| < £T d(3)(s ' s,) , when \\\p s \\ \ > Ak ri or \\\p s ,\\\ > Ak r \ (m 
d^(s,s') = ±(\\\p s \\\ + |||p s ,|||)^- 3 /3 + ^ ri " 6 - 



Formulas ffT96|) and 01571) easily follow from ([191]) . ffl~92l) and ([193]) . ffTMD . The estimate 
(fl~98l) follows from ([193]), (fTM]) . (fT95|) and (fTT9|) . 

Proof. Let us consider the perturbation series 



oo 

(#(3) _ z yx = S£(H&) - z )-i (-^( 2 )(ij( 2 ) - 

r=0 



(199) 



here and below all the operators are computed at x. Further, we consider x and, therefore, 
the operators, as analytic functions of <p in , assuming x is fixed. By (11881) and (11691) . 
W(2) = v - T,Lo P i VP i- B y assumption on x and Lemmas H2H and KM 



{H {2 \x)-z 

To check the convergence it is enough to show that 



#(2)_ 



< k~ 



Then, 



|(# (3) ( 



x — z 



-111 < 4 3 A; 2r 2 fc27ri . 



(200) 



(201) 



(202) 



Let us prove (12011) . Operator iP 2 ) has a block structure, different blocks being separated 
by the ||| • ||| distance greater than k 5 . This means that not only the blocks themselve, 
but also the blocks multiplied by have non-zero action on orthogonals subspaces. 
The operator PP 2 ) acts as H "outside" the blocks. Because of the block structure and 
the estimate \z — k 2l \ = k- 2r 2 k2 "' ri = o(/c _/3 ), it suffices to prove: 



P{r 2 )-Pf)(H -k 2i y l V 



3 



P(n)(H® - z)- 1 v{P{r 2 ) - p(n)) 

P nr (h^ - k 21 )' 1 V (P(r 2 ) - P nr ) 



(203) 

(204) 
(205) 
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P s (H(*)-k*y V(P(r 2 )-P s ) 
P w (h^ -k 2i y l V{P(r 2 )-P w 
P b (hV> - k 2 ^ 1 V (P(r 2 ) - P g ] 
P,(H {2) -k 2l Y l V(P(r 2 )-P b ) 



3 



< 



3 



(206) 
(207) 
(208) 
(209) 



By definition of P, 



The estimate 



(2) 



(p(r 2 )-pf) {Ho-k 21 )' 1 



< 



£,-2Z+2+40At<5 



easily follows. 



Let us prove f)204p . By Lemma 14.151 

P( ri )V(P(r 2 ) - P(n)) = P( ri ) a V(P(r 2 ) - P(n)), 
where P{ri) 9 is the projection on the boundary of II(ri). Therefore, it suffice to prove: 



\P{n){H 



(2) 



-'PinfW < k-e- 5 / 2 , 



(210) 



the obvious relation P(ri)iP 2 ) = has been taken into account. As in the proof of 
Theorem 14.11 we consider as a perturbation of H^ l \ = + W. Taking into 
account that iP 1 ** has a fc 5 -block structure and V is a trigonometric polynomial, we obtain 



P(*)((£ (1) - 

Hence, 

P(r x ){HV> -z^P 9 ^ 



-i V i 
:| WJ P 9 (n) = 0, whenl<s<S, S:=-k ri ~ 5 . 



5-1 



s=0 



where A* = 

Theorem I4.l| 2 l we obtain: 



zj ^P^(n), 

(211) 

P{l!' [] - : ) W, P = P(ri) - P(5). Considering as in the proof of 

-l 



P H<»- 



\k 13 . By Theorem 14. II and the definition of C ; 



< ck-P~ 5 < k-P- & / 2 . It follows: || A II < 

-l 



3; 



z 



< e 



(3K-1 
) 



. Substituting 



2 We replace P(r\) by P, this compensates for the smallness of C3 
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the last three estimates into (12111) and taking into account that (e^) 1 < A^ 5 / 2 , we obtain 
( 12TU]) and, therefore, ([204]) for all tp E Wf\ 
Next, we prove (I205p . by Lemma l4.15[ 

PnrV (P(r 2 ) - P nr ) = PiV (P(r 2 ) - P nr ) , 



where P® r is the projection on the boundary of U nr . Therefore, it suffices to prove 



p nr (hV>-&)~ x i» 



< 



k~^ 5/2 . 



(212) 



Note that Lemma 13.141 holds for any n > 5 (the restriction on n is introduced later). 
Therefore, the estimates (I771)-(l80l) hold for m e f2(r 2 ). By the definition of H nr , Eo > 
k~ WTl and p m > k~ 5r in these estimates. It follows (see Corollary 13 . 1 5 j) . 



P-nr ^ ^ j Pn 



< 



k m <. 



(213) 



Considering as in the proof of Theorem 14.11 (see the proof of ( 1122ft ). we obtain (12 12ft and, 
hence, (12051) for all (p e Wf\ 

Next, we prove (I206p . Denote by H the reduction of the operator H onto a particular 
simple cluster i.e. H = P S HP S where (P s ) mm = 1 if m belongs to the simple cluster and 
(-fs)mm — otherwise. By Lemma 14.211 

\\(H - k 2l Y l \\ <ck 2 ^ +r '\ (214) 

By Lemma [4. 151 

P S (H - A; 2 ')-V(P(r 2 ) - P.) = P S (H - k^P® V(P(r 2 ) - P.). (215) 
To obtain f!206j) . it is enough to show 

" < k-?~ s/4 . (216) 

We are going to construct the perturbation formula for P S (H — k 2l )~ l P® . Let Hq = 
P s , nr HP S)nr + (P s - P s , nr )H , where P SiUr = P s P n r = PnrPs ■ The operator H has k 5 - 
block structure. It is analogous to the operator iP 1 ) in the proof of Theorem 14. 11 The 
perturbation formula for P S (H — k 2l )~ x Pg has the form: 



PAH - k 2l Y l P® 



P S (H - k 2l Y x P° = J^P S (H - k 21 )- 1 \-W s (H - k 



„2l\-l 



P" 



r=0 



,2Z\-1 



i Rs+l 



+ P s (H-k 21 )- 1 \-W.(H Q -V 

W s = H — Hq = P S V P s — P s ,nrV P s ,nr, 



pd 
1 s ? 

R.i = 



(217) 



-k? } - 1. 
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When p m / belongs to the boundary of the white cluster, the || | • || [-distance from p m > to the 
point p m : < p m < k~ b < is k r ^ 2 . Notice that (H - k 2l )^ m , = if \\\p m - p m >\\ \ > 8k 5 , 
since H has a k s structure. Considering that R s < ^k^- s (so, we never reach the central 



point of Il s ), we obtain that the finite sum in ( 12 lTj) is analytic inside and is bounded 
by 2k- 13 - 5 / 2 , see (12T21) . Moreover, 



W x (Hn ~ k 



2l\-l 



Rs+1 



Pt 



< k -(R s +l)(p+5/2) _ 



Substituting (12141) into (I217P and taking into account (12181) we get 



P S (H -k 2l )~ l Pf 



< k-^\ 



(218) 



(219) 



when ip e W®, 2r' 2 < \k ri ' 2 - s f3. 

Now, we prove (12071) . Here and in what follows we will often use the same notation 
for objects formally different but playing similar roles in different parts of the proof. We 
hope it will not lead to confusion but rather make it easier to keep the whole construction 
and further inductive arguments in mind. Denote by H the reduction of the operator H 
onto a particular white cluster i.e. H = PHP where P mm = 1 if m belongs to the white 
cluster and P mm = otherwise. By Lemma 14.211 



\\{H - k 2l y l \\ < ck 2 ^ +r '^' S ° ri . 



By Lemma [4. 151 



P W {H - k 2l y l V{P{r 2 ) - P w ) = P W {H - k 2l y l P^V{P{r 2 ) - P w ). 



2l\-l r>d\ 



To obtain (I207p . it is enough to show 



p w {H-k 2l y l P? 



< 



fc-/3-5/4_ 



(220) 



(221) 



(222) 



We are going to construct the perturbation formula for P W (H — k ) 1 P^ ] . Let H = 
P w ,nrHPw,nr + (Pw-Pw,nr)Ho, where P W)nr = P w P nr = P nr Pw • The perturbation formula 
for PJH - k 2l )- x P^ has the form : 



P W (H - k^PZ = J2 P^Ho ~ k 21 )- 1 -W(H - k 21 )- 1 



r=0 



Pt 



+ P W (H - k 21 )- 1 [-W(H - k 21 )- 1 
W = H-H , R w = [-k 2 ^- 61 



Rw+l 



Pt 



1. 



(223) 
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When p m t belongs to the boundary of the white cluster, the ||| • |||-distance from p m i to 
the closest point in M (2) is fc 7ri/6 . Notice that (H - k 2l )^ m , = if |||p m -p m '||| > 8k 5 . 
Considering that R w < ^k~a~~ 5 (so, we never reach the points in M^), we obtain that 

the finite sum in (12231) is analytic inside Wf ] and is bounded by 2£r /3 -< 5 / 2 , see (12121) . 
Moreover, 

< (224) 
Substituting (12201) into (I223H and taking into account (12241) we get 

< 3k~^ 2 < k-^\ (225) 

since <p G W< 3 ', 2r' 2 < \k s ° ri - s f3. 

Now, we prove (12081) . Denote a component of the grey region by II and its boundary 
(see convention above) by 911. Corresponding projectors are denoted by P and P 9 re- 
spectively. Denote by H the reduction of the operator H onto a particular grey cluster 
i.e. H = PHP. By Lemma I4TT51 

P(H - A; 2i )^V(P(r 2 ) - P) = P(H - k 2l )- l P d V(P(r 2 ) - P). (226) 

To obtain (I208p . it is enough to show 

< k~P- & /\ (227) 

We are going to construct the perturbation formula for P(H — k 2l )~ 1 P 9 . Recall, that 
the size of the neighborhood of grey boxes is D = k~ +2S ° T1 . Let Pi be a projector 
corresponding to a white or non-resonant cluster laying inside ^-neighborhood of 911, 
the size of these clusters being much smaller than the size of the neighborhood. For 
definiteness, let i — 1, . . . , /. Let p( OT *) be the projector onto all points in II which are at 
least D/2 away of the boundary (internal points). Note that PjP( m ') = 0. At last, put 

i 

P :=P- P^ - ^ Pi- (228) 

i=l 

Denote (cf. the case of a white cluster) 

I 

H := p i RP i + P {int) HP {int) + H P , (229) 

i=l 

i 

W = H-H = PVP - Y PiVPi ~ p{int) VP {int) . (230) 

i=l 



W{H - k 



2l\-l 



R+l 



pc 



P^H-k 21 )-^" 



p(H-k 2l y l p 
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We are going to use perturbation arguments between Hq and H. Let R be the smallest 
natural number for which 



A _ p(int) 



W{H - k 



2l\-l 



R+l 



p 9 ^ o, W := H - H . 



(231) 



It is proven in Appendix 4 that R > ^k^ +2So ^ ri 5 . Therefore 



R-l 



[H - k 2l Y l P a = J^iHo ~ k2l y l ~( P - P (int) )W(H - k 21 )" 1 



r=0 



pc 



(232) 



+ {H- k 21 )- 1 \-{P - P {mt) )W{H - k 21 )- 1 



P 9 . 



The first term in the RHS of 



contains only non-resonant and white clusters. Thus, 



we can use the estimates obtained before in the case of non-resonant and white clusters 
(see (12051) . (I207P ). To estimate the second term we, first, notice that 



-{P - P^)W{H - k 21 )* 1 



P C 



< k-? R < k 'l^ +2S ° )ri - S . 



(233) 



By Lemma 14.211 , 

IK^-A; 2 ')- 1 !! < ck 2 ^ +r '^ q+So)ri . (234) 

Now, considering that 2r' 2 < ^k 5 ° Vl ~ 5 and combining the estimates above, we obtain (I227P 
and, therefore, (12081) . 

We prove (12091) in the analogous way. Indeed, denote a component of the black region 
by II and its boundary (see convention above) by dU. Corresponding projectors are 
denoted by P and P a respectively. Again, H := PHP and, by Lemma [4.15[ 

P(H - k 2l )- l V(P(r 2 ) -P) = P(H - k 2l )- l P a V(P(r 2 ) - P). (235) 

To obtain f!209j) . it is enough to show 



P(H-k 



2l\-lpd 



< 



(236) 



We are going to construct the perturbation formula for P(H — k 2l )~ l P d . Recall, that the 
size of the neighborhood of black boxes is D = k" /ri+s ° ri . Put H = PHP (cf. the case 
of white and grey clusters). Let Pi be a projector corresponding to a grey, white or non- 
resonant cluster laying inside -^-neighborhood of dU, the size of these clusters being much 
smaller than the size of the neighborhood. For definiteness, let i = 1, . . . , I. Let p( m *) be 
the projector onto all points in II which are at least D/2 away of the boundary (internal 
points). Again, we define P Q , H and W by formulas (12281) . fl229|) and fl230l) . We are 
going to use perturbation arguments between H and H. Let R be the smallest positive 
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integer for which (12311) holds in the case of a black cluster. It is proven in Appendix 5 
that R > ±k^ ri+5ori - 5) . Next, we use ( 12321 . The first term in the RHS of ([232]) contains 
only non-resonant, white and grey clusters. Thus, we can use the estimates (I205p -( l208|) 
obtained before in the case of non-resonant, white and grey clusters. To estimate the 
second term we, first, notice that 

\-(P - P {mt) )W(H - k 2l )~ 

By Lemma [4.211 

\\{H - k 2l Y l \\ < ck 2 ^ +r '^' ri+3 . (238) 

Now, choosing 2r' 2 < ^k 5 ° ri ~ 5 ~ 3 and combining the estimates above we obtain (12361) and, 
therefore, (12091) . 

Estimates (I203p - (I209p provide convergence of the series for the resolvent. Integrating 
the resolvent over the contour we get (I19ip and (11931) . 

Proof of (I194p is analogous to that of f 1 11 5 j) in Theorem 14. 1 1 Indeed, we consider 

the operator A = (^H^ — z^j and represent it as A = Aq + A\ + A2, where 

A = (P(r 2 )-£( 2 )(x))A(P(r 2 )-£( 2 )(x)), A x = (P(r 2 ) - ^ 2 \x)) A£™(Z), A 2 = 
£( 2 )(x)A(P(r 2 )-£( 2 )(x)). Note that ^ 2 \x)W^^ 2 \x) = 0, because of (jlggp . We 
see that 

j> (H {2) - A r dz = 0, 
since the integrand is a holomorphic function inside C3. Therefore, 

G ^^ ) = ^T £ f (H^-z)' 1 ^ A jr dz. (239) 

^ ii,...>=0,l,2, jl+...+j^ JC3 

At least one of indices in each term is equal to 1 or 2. Let us show that 

\\A 2 \\ 1 <±k-& kri -'-f > . (240) 

First, we notice that 

£(2) W (2)( P(r2 ) _ £ (2) } = E^W^{P{r 2 ) - P(n)) = 
8, {2) P d (n)W {2) (P(r 2 ) - P(n)) = £ (2) P a (n)^ (2) 

by (HHH]). Hence, A 2 = P d (r 1 )A(P(r 2 ) - Z^). Using (fTT9"j) . we obtain ||£( 2 )P a (ri) || < 
k^w kri s . Considering that £( 2 ) is a one- dimensional projection, we obtain the same 
estimate for Si-norm. Now (I240p easily follows. Applying the same trick as in the proof 
of (HUD we obtain (fTMft . 



pc 



1 —BR t — JLh"i r i+ s O r l- 

< k 1 H < k 



(237) 
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Let us obtain the estimate for (>?)■ Obviously, 

#(-) = ^7 E Tr i A n ^dz. (241) 

./!■ n.1.2. j2+...+j2^ 



Note that each term contains both Ai and A2, since we compute the trace of the integral. 
Using (I240p and repeating arguments from the proof of (11131) . we obtain (I192p . 

The estimate (I195p follows from the fact that the biggest white, grey or black com- 
ponent has the size not greater than fc 7ri+3 . Therefore the biggest block of not 
coinciding with P(ri)HP(ri) has the size not greater than fc 7n+3 . 
□ 

It is easy to see that coefficients g r (x) and operators G r (x) can be analytically 
extended into the complex k~ r ' 2 ~ 5 neighborhood of a/ 3 -* (in fact, into fc _r " 2_5 -neighborhood 
of W^ 3 )) as functions of <p> and to the complex (effl k~ 2l+1 ~ 6 ) — neighborhood of x = K^ 2 \(p) 
as functions of x, estimates (I192p . (I194p being preserved. Now, we use formulae (I189p . 
(HUD to extend A (3) (x) = A (3) (x, <p) as an analytic function. Obviously, series (I19ip is 
different iable. Using Cauchy integral and Lemma [4.31 we get the following lemma. 

Lemma 5.3. Under conditions of Theorem I5.il the following estimates hold when (p £ 
u)( 3 \k, 5) or its complex k~ r ' 2 ~ s -neighborhood and x £ C : |x — x^ 2 \ip)\ < k~ 2l+1 ~ s . 

A( 3 )(x) = A^(x) + 2 (k~¥ kri ~ S -^ , (242) 

fc o 

^ = d ^ + 2 (k-i^-'-^), (244) 

d2Xi2) + 2 [k^- 5 -^ s M x ) , (246) 



dxdip dxdip 

d 2 X (3) d 2 X {2) 



+ 2 ( y k-^ kri - s -P +2r * +2s y (247) 



dip 2 dip 2 

Corollary 5.4. All "0 2 "-s on the right hand sides of fl242p -( |247]) can be written as 
O x (k-h^ r ^ 
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5.2 Isoenergetic Surface for Operator 

Lemma 5.5. 1. For every A := k 21 , k > k*, and (f in the real ^k~ r ' 2 ~ 5 -neighborhood of 
5,t) , there is a unique x( 3 )(A,<^) in the interval 

h := [^\\^) -efk-^-\^\\^) + efk-^-\ 

such that 

A (3) (x (3) (A, if)) = A, x (3) (A,<^) : = (248) 

2. Furthermore, there exists an analytic in ip continuation of *c^(\,(p) to the com- 
plex ^k~ r z~ s -neighborhood of cj^(k, 5, r) such that A( 3 )(x( 3 )(A, ip)) = A. Function 
x^ 3 \\,Lf) can be represented as x^(X,cp) = H^(\,(p) + h^(\, cp), where 

\h®(<p)\ = 1 [k-¥^-P-2i + i^ ; (249) 

= Q (k~\Pk r i- s -l3-2l+l+r' 2 +8\ d 2 h^ _ / ^-i/3Ar r i— 5 -/3-2Z+l+2r^,+25A 

dip 2 V / ' dip 2 4 V )' 

(250) 

Proof. The proof is completely analogous to that of Lemma I3.11[ estimates (|242j) 
- (gUD being used. □ 

Let us consider the set of points in R 2 given by the formula: x = x^ 3 ^(<^), cp e 
u/^/c, 5, r). By Lemma 15751 this set of points is a slight distortion of T>2- All the points of 
this curve satisfy the equation A®(x^ (<£>)) = A; 2 '. We call it isoenergetic surface of the 
operator and denote by 2)3. 

5.3 Preparation for Step IV 

5.3.1 Properties of the Quasiperiodic Lattice. Continuation 

Let 

§ (2) (fc,() :={xGR 2 : \\{H {2 \x)-k 2l )- 1 \\>k^}. (251) 

The main purpose of this section is to estimate the number of points xo+j? m , || |p m || | < k T2 
in §( 2 \k,£), i<o being fixed. In fact, we prove a more subtle result, see Lemma [5.131 

We consider p m = 27r(si + as 2 ) with integer vectors Sj such that |sj| < 4Af 2 . We 
repeat the arguments from the beginning of Section H~3l Namely, let (q,p) G Z 2 be a pair 
such that < q < Ak T2 and 

\aq + p\ < lQk~ r2 . (252) 

We choose a pair (p, q) which gives the best approximation. In particular, p and q are 
mutually simple. Put e q := a + 2. We have 



9 



k~ 2r ^ < \e q \ < lQq- l k~ r2 . (253) 
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We write S2 in the form 

s 2 = qs' 2 + 4 (254) 

with integer vectors s' 2 and s 2 , < (s 2 )j < q for j = 1,2. Hence, \{s' 2 )j\ < Ak r ' 2 /q + 1. It 
follows 

(27r)~Vm = (si - ps' 2 ) + (--s' 2 ' + e ? s£) + e q qs' 2 . 

Denote s := sj — ps 2 . Then |s| < 8Af 2 . The number of different vectors s := — -s 2 + e 9 s 2 
is not greater than (2g) 2 . For each fixed pair s, s we obtain a lattice parameterized by 
s 2 . We call this lattice a cluster corresponding to given s, s. Each cluster, obviously, is 
a square lattice with the step e g q. It contains no more than (9k T2 q~ 1 ) 2 elements, since 
|( s 2)jl — 4&; r ' 2 g~ 1 + 1, j — 1, 2. The size of each cluster is less than 5\e q \k T2 . As before we 
have the following statements. 

Lemma 5.6. Suppose that e q satisfies the inequality 

\e q \ < l^~ l k~ r2 . (255) 

Then, the size of each cluster is less that . The distance between clusters is greater than 
j_ 

2q- 

Lemma 5.7. The number of vectors p m , satisfying the inequalities |||p m ||| < 2/c r2 ; p m < 
\e q \qk T2 ^ 3 , does not exceed k 2r2 ^ 3 . 

Lemma 5.8. Suppose q in the inequality ( 1141 j) satisfies the estimate q > k 2r2 ^ 3 . Then, 
the number of vectors p m , |||p m ||| < 2&; r2 ; satisfying the inequality p m < k~ 2r2 l 3 does not 
exceed 2 12 • k 2T2 ' 3 . 

We consider the matrix H^ 2 \x) = P( r yri)H(}<)P( r yri) where x G M 2 , P{^ri) is the 
orthogonal projection corresponding to ^(7^). % We construct the block structure in 
H^ 2 \x) analo gous to that in Step II. The difference is that now we consider any x G Mr, 
not only x being close to x^ (<£>). Indeed, we call m G Q^ri) non-resonant if (cf. ( 1691) ) 

\\x + p m \ 2 -k 2 \> k~ m » s . (256) 

Obviously, this estimate is stable in the fc _4lM<5 ~ 1 -neighborhood of a given x. Hence, the 
definition of a non-resonant m is stable in this neighborhood up to a multiplier 1 + o(l) 
in the r.h.s. of ( I256p . Around each resonant m we construct /^-boxes/clusters (see (I73|) ). 
Let P m be the projection on the /c 5 -cluster containing m. If 

||(P m (#(x) - k 2 ^)-^ < *M, (257) 
It is a slight abuse of notations, since 

H<-V in Step II was denned for 7 = 1. 
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then we call the /c 5 -cluster effectively non- resonant (cf. (11031) ) for a given x Note, that 
the above estimate and, therefore, the definition of an effectively non-resonant /^-cluster 
is stable in the k' ghborhood of a given x The /^-clusters, where (I257P is 

not valid, are called effectively resonant /^-clusters. Thus, we have constructed a block 
structure in H^(h), which is stable in the k' ghborhood of a given x. 

Definition 5.9. We denote by J(x) the number of the effectively resonant k 5 -clusters in 
if( 2 )(x) for a given x Further (with a slight abuse of notations) we consider J(x) to be 
constant in the 2k~^ ri ~ 2l+1 ~ 5 -neighborhood of a given x 

Let x = ari + b, |a| = 1, |b| < 4fc 7ri . We consider H^ 2 \k) as a function of T\ in 
the complex 2fc _pl -neighborhood of zero, p\ = ^r' x + 21 — 1 + 5. 

Lemma 5.10. The resolvent {H^ 2 \h) — k 2l )~ l has no more than 8J(b) poles in the the 
complex 2k~ pl -neighborhood of zero. It satisfies the following estimate in the complex 
k~ pl -neighborhood of zero: 

||(# (2) (x) - A: 2 ^ 1 !! < k 1 ^ l^j , (258) 

where Eq = min{fc _2pi , e}, e being the distance to the nearest pole. 

Proof. Recall (Definition 15 .91) that J(x) may be considered to be constant in 2k~ pl - 
neighborhood of b. Hence, J(x) = J(b) for such x-s. Let us consider the collection of 
all /^-clusters P m H(x)P m for H^(ik), T\ being in 2fc _Pl -neighborhood of zero. Note that 
the collection is the same for all such x We construct the corresponding block operator 
#«(x): 

(x) = ^ P m HP m + H {l-J2 p m). 

If a /^-cluster P m H(x)P m is effectively non-resonant, then its resolvent, obviously, has 
no poles 7~i in the 2fc _Pl -neighborhood of T\ = 0. Considering that a /^-cluster contains 
no more than 4 squares (Appendix 2), we obtain, that the resolvent of each effectively 
resonant /^-cluster has no more than 8 poles ry in the 2/c _40p<5_<5 -neighborhood of T\ =0. 
Indeed, the relation opposite to (I256P can hold for no more than four different m-s. Each 
function (x + pml^ — k 2 is a quadratic polynomial with respect to T\. It is easy to see that 
||£ + Pm|jR -k 2l \ > / c 2«-2-som<5-4<5 w ken T% j} D being the fc" 40p<5 " 25 -neighborhood 
of the the roots T±j of the polynomials. Obviously, D consists of at most 8 discs. We 
consider only those connected components of Do which are inside 2k~ mp5 ~ 5 disk around 
7~i = (components of D are much smaller than the size of the disk). The perturbation 
series for the resolvent of P m H(x)P m with respect to P m H (>()P m (V = 0) converges on 
the boundaries of these components and the following estimate holds there: 

|| (P m (#(x) - A; 2i )P m ) _1 || < k- 2l+2+80p5+55 . 
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Hence, the resolvents of PmHo(x)P m and P rn H(x)P m have the same number of poles 
inside each component of Do- This means that the resolvent of each effectively resonant 
cluster P m if (x)P m has no more than 8 poles Ty in the /^^"''-neighborhood of T\ = 0. 
By the maximum principle, 

II (p m (H(z) - k 2l )p m y l ii < k - 2l+2+80 » s+5S ( k _ 2pi — ) < ^ wpl 

at the distance greater than k~ 2pl from the poles. Therefore, resolvent {^^{x) — k 2l ^j 

has no more than 8J(x) poles T\j in the complex fc _40/i5_5 -neighborhood of T\ — and 
satisfies the estimate 

\\(H( 1 \x)-k 2l )- 1 \\<\k 1&pl (259) 

at the distance greater than k~~ 2pi from the poles. Let us consider the union of k~ 2pl 
neighborhoods of these poles. It may consist from several connected components. We 
are interested only in those intersecting with the 2k~ pl disk around T\ = 0. We denote 
their union by by D. Using a rough estimate J(x) < k iiri gives that D belongs to the 
3/c _Pl -neighborhood of zero. Thus, f!259j) holds outside D. Considering as before (see 
the proof of Theorem 14. 1[ (I120p -( IT25|) ). we can show that the perturbation series for the 
resolvent (ff^(x) — k 21 )^ 1 with respect to (ffW(x) — k 21 )' 1 converges on the boundary 
of D and 

\\(H {2) (x) - k 21 )- 1 ]] < k 16pl 

outside D, the resolvent has no more than 8J(x) poles in D. Using again the maximum 
principle we obtain f |258|) . □ 

Note that each connected component of §( 2 )(fc,£), see (125 ip . is bounded by the curves 
D(x, k 21 ± fc-€) = 0, where D(x, A) = det (H^(h) - A). 

Lemma 5.11. Let 1 be a segment of a straight line in M. 2 , 

1 : = {x = an + b, n G (0,r/)}, |a| = 1, |b| < 4F ri , < i] < k~^ r K (260) 

Suppose both ends of I belong to a connected component of S^(/c,£). If £ is sufficiently 
large, namely, £ > 30J(b) ln^ -, then, there is an inner part V of the segment, which is 

not in S (2) (£;,£). 

Corollary 5.12. Let x G §^(k,C,) and £/30J(x) > IO771. Then the distance from k to 
the boundary of §>( 2 \k,£) is less than fc-£/ 30J M. 

Proof of the corollary. Let us consider a segment of the length 77 = fc-?/ 30J M starting 
at x. By the statement of the lemma it intersects a boundary D(x, k 21 ± k~^) = 0. 

Proof. Choose e = rj 2 in (12581) . Using the hypothesis of the lemma, we obtain that 
the right-hand side of f!258j) is less than k^ outside the discs. Let us estimate the total 
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size (sum of the sizes) of the discs. Indeed, the size of each disc is 2e and the number of 
discs is, obviously, less 16/c 47ri . Therefore, the total size admits the estimate from above: 
32e/c 47ri << 77, since rj < k~ 5ryri . This means there is a part 1' of 1 outside these discs. By 
(12581) . this part is outside §^(k, £), when £ is as described in the statement of the lemma. 
□ 

Let xo £ be fixed and N(k, r 2 , xo ; Jo) be the following subset of the lattice xo +Pn, 
n G fi(r 2 ): 

K(k, r 2 , x , J ) = {x + p n : n G fi(r 2 ) : J(x + p n ) < J } , 

J being defined by Definition 15. 9[ Thus, 3\f includes only such n that the surrounding 
A; 77 " 1 - block contains less than Jo of effectively resonant /c 5 -clusters. Let iV(&,r 2 , xo, Jo,£) 
be the number of points x + p n in §>^(k, £) D N(k, r 2 , x , Jo). 

Lemma 5.13. 7/r 2 > IO771 and ^ > 60/ir 2 Jo, t/ien 

N(k,r 2 ,Zo,Jo,0 <k~^ + ^ r \ (261) 

Proof. Let us call a subset S of S^(/c, £) elementary if it can be described by a formula 
of the type: 

S := {x : a < xi < 6, /i(xi) < x 2 < / 2 (xi)}, 

where the curves x 2 = /i(xi), z = 1,2, belong to the boundary of §( 2 ) (&,£), have the 
lengths less than 1, functions fi{x\) are monotone, continuously differentiable and have 
no inflection points. We assume that the boundaries x 2 = /i(xx) are parameterized by 
X! for definiteness. The set where K\ = /j(x 2 ), a < x 2 < b, is completely analogous. 

Next, we show that the number of points in SflN(/c, r 2 , xo, Jo) does not exceed 2 1A ks T2 . 
Indeed, let us consider a segment p n -n' between two points x + p n and Xq + p n ' in S. 
Obviously, |||p n -n'||| < 2fc r2 and p n - n ' > k~^ r2 . The direction of the segment cannot 
be parallel to the axis x 2 by Corollary 15.121 We enumerate the points x + p n G S fl 
N(/c, r 2 , x , Jo) in the order of the increasing first coordinate and connect subsequent 
points by segments. Consider all segments with the length greater or equal to ^k ~. 

2r 2 

The number of such segments does not exceed I28k~ , since they are much longer than 
the width of S (Corollary 15. 12p . It remains to estimate the number of segments with the 
length less than -^k 3 . 

First, we prove that no more than two segments Pm-n'^ Pn 2 -n' 2 can be parallel to each 
other, if they are in the same elementary component §. Indeed, both ends of p ni _ n ' are in 
S. By the previous lemma there is a piece of the segment which is not in § (we notice that 
now we use the lemma for k~^ r2 < rj < -^k 3 ). Hence, the segment intersects one of the 
curves x 2 = /«(xi) twice. It follows, that there is a point on the curve, where the curve 
is parallel to the segment. Suppose another segment p n2 -n' 2 intersects the same curve. 
Then, there is a point on the curve, where the curve is parallel to the second segment. 
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Since the curve is concave, it can not be the case. Therefore, p n2 -n' 2 intersects another 
curve. It follows that no more than two segments p ni _ n ;, p n2 -n' can be parallel to each 
other, if they are in the same elementary component §. 

To finish the proof of the lemma we consider two cases. Suppose q in the inequality 
( 12521) satisfies the estimate q > k 2r2 l 3 . Then, by Lemma I5.8[ the number of vectors p n , 
\\\Pn\\\ < 2k 1 " 2 , satisfying the inequality p n < -^k~ 2r2 / 3 does not exceed 2 12 /c 2r2//3 . Since 
each of them can be used only twice, the total number of short segments does not exceed 

2 13 A .2r 2 /3_ 

Let q < k 2r2 l 3 . If |e g | > ^q~ l k~ r2 . Then, obviously, ^k~ 2r2/3 < \e q \qk r2 l 3 . Applying 
Lemma |5.7[ we obtain that the number of segments with the length less than -^k~ 2r2 l 3 
is less than k 2r2 ^ 3 . Since each of them can be used only twice, the total number of 
short segments does not exceed 2k 2r2 ^ 3 . It remains to consider the case q < k 2r2 ^ 3 , 
\£q\ < ^4 ( ? _1 ^ _r2 - By Lemma 15.61 clusters are well separated. Considering that the 
distance between clusters is greater than ^ and the size of each cluster is less than ^, 

we obtain that no more than 8g clusters can intersect S. Indeed, the distance between 
two clusters is greater than i. By Corollary 15.121 the set S belongs to the k~^ 30J °- 

Zq 

neighborhood of each curve k 2 = fifei), i = 1,2. Using the hypothesis of the lemma 
we easily get that the size of the neighborhood is o(g _1 ). If a cluster intersects S, its 
^-neighborhood intersects both curves x 2 = fi(xi), i = 1,2. Since the distance between 
clusters is greater than the distance along the curve between its intersection with 
^-neighborhoods of different clusters is greater than ^. Considering that the lengths of 

the curves is less than 1, we obtain that no more than 8q clusters can intersect S. Next, 
the segments with the length less than ^k~ 2r2 ^ 3 cannot connect different clusters, since 
the distance between clusters is greater than > ^k~ 2r2 ^ 3 . Therefore, any segment of 

the length less than lk~ 2r2 ^ 3 is inside one cluster. The part of the shorter curve inside 
the clusters has the length Lj n which is less than the double size of a cluster 10|eg|/c ? * 2 
(the curve is concave) multiplied by the number of clusters 8q, i.e., Jj n < 80|e g |gfc r2 . If 
we consider the segments with the length greater than \e q \qk T2 ^ 3 , then the number of such 
segments is less than L in /\e q \qk V2 ^ 3 , i.e., it is less than 80k 2r2 ^ 3 . By Lemma [5. 7\ the total 
number of segments of the length less than \e g \qk T2 ^ 3 is less than k 2r2 ^ 3 . Each of them can 
be used only twice. Thus, the total number of segments is less than 162k 2r2 ^ 3 . 

We proved that the number of segments in S does not exceed 2 14 /c 2r2//3 . Therefore, 
the number of points in S fl N(k, r 2 , x , Jo) does not exceed 2 14 /c 3 r2 + 1. Considering that 
fcjiri > 2 15 ; we obtain that the number of points inside S r\"N(k, r 2 , >c§, Jo) does not exceed 
fcl r2+ T' ri . 

If we show that S (2) (fc,£) is the union of no more than k 42l ' yri elementary components 
S, then estimate (I26ip easily follows. Indeed, let us consider the boundary of (£;,£). It 
is described by curves D{h, k 21 ± kS) =0,x6 M 2 . We break each curve into elementary 
components as described in Appendix 6. By Lemma 110.91 the number of such pieces is 
less than k 17l ' yri . With each elementary piece of the boundary we associate the part of 
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the adjacent connected component of §>( 2 \k, £), which is in the fc - ^ 30,70 -neighborhood 
of the elementary piece. By Corollary I5.12[ every point in §^(k,^) belongs to such 
a component, some components overlapping. Let us consider one of these components 
S. By construction, it is adjacent to a boundary elementary component, which can be 
described in the form x x = /i(x 2 ) or x 2 = /i(xi). Let us assume for definiteness that it 
is described by the formula x 2 = /i(xi). By Corollary 15. V2\ there is another boundary 
(described by x 2 = /^(xx)) of S in the /c~^ / ' 30Jo -neighborhood of x 2 = f 1 (x 1 ). It also 
can be split into no more than k 17liri elementary components. Further, each elementary 
component contains no more than k 81 ^ 1 points x : -D(x, k 21 + k~^) = D(x, k 21 — k~^) = 0, 
unless the last equality is an identity on this component (Bezout Theorem). We use these 
points to break each elementary component into at most k 8liri parts. Correspondingly, we 
split the set S by lines K\ — C into at most k 251 ^ 1 components S. The second boundary 
of S also can be parameterized by x 2 , since D H2 / on an elementary component of 
the boundary. By the definition of an elementary component of the boundary (Appendix 
6), both functions x 2 = fi{x\) are monotone, continuously differentiable and don't have 
inflection points, the length of the corresponding curves being less than 1. Moreover, 
neither boundary contains intersections with other pieces of the boundary of §( 2 )(/c,£). 
Thus, §( 2 ) (£;,£) is the union of at most k 42l " ,Tl elementary components S, each being 
bounded by lines Xj = a, b and elementary pieces of the boundary of (&,£), which do 
not intersect with other pieces of the boundary of S^(A;,£). □ 

5.3.2 Model Operator for Step IV 

Let r 3 > r 2 . We repeat for r 3 the construction from the subsection 14.4.11 which was 
done for arbitrary r 2 > r±. Let m G fi( r 3)- We denote the k iri -component containing 
m by n(m) and the corresponding projector by P(m). For m belonging to the same 
fc 7ri -component, n(m) and P(m) are the same. Put 

M (3) := M( 3 )(^ ,r 3 ) = {m G M^o, r 3 ) U fif (r 3 ) : ^0 G Og(/ 2 ,l)}, (262) 

(2) (2) 

where i r s) is the extension of Q s (^2) to ^(^3), 

nf\r 3 ) = {m G n(r 3 ), < Pm < k~^}, (263) 

OJn (r 2 ,T) is the union of the disks of the radius rk~ r2 with the centers at poles of the 
resolvent (P(m)(H(x( 2 \tp)) — k 21 1)P(m))~ 1 in the fc _44r i _2i_ " <5 -neighborhood of ip . (Here 
M^^Oj^) is defined as in (11621) with r 3 instead of r 2 ). For m belonging to the same 
/c 7ri -component, the sets (Dm (r 2 ,r) are identical. We say that m G is k 7ri -resonant. 
The corresponding k iri -clusters we call resonant too. 

Let ipo G uj^(k,5,l). By construction of the non-resonant set u^ 3 '(k,5,l), we have 
M( 3 ) n tt(r 2 ) = 0. 

Further we use the property of the set M 1 - 3 ^ formulated in the next lemma which is an 
analogue of the Lemma 14.111 
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Lemma 5.14. Let r' 2 > 2k^ +s °*> 10 ^1-28^ Let x / 20 < y < 20, m G Q(r a ) and U mQ 
be the k 1 r2 -neighborhood (in \\ \ ■ || \-norm) of m . Then the set II mo contains less than 
fc § 7 'r 2 +50Z 7 n e i ements f M (3) . 

Proof. If m G M*- 3 - 1 , then there is a such that \<p* — <£>o| < ^ _r ^ and 

det (P(m)(/P(x (2) ((^)) - k 2l I)P(m)^ = 0, 

where P(m) is the projection corresponding to the k iri -cluster n(m), which includes m. 
The cluster n(m) can be simple, white, grey or black. Since ip is close to v?*, perturbation 
arguments give: 

|(P(m)(iJ(x( 2 )(^ )) - ^J)P(m))- 1 

We will apply Lemma [5.131 to Il(m) with £ = r' 2 — 21 + 1 in order to prove the lemma in 
hand in the same way we proved Lemma 14.111 using Lemmas 14.81 14.101 There are some 
technical complications though. Here is a detailed proof. 

We start with considering simple boxes II(m), m G R fi s (rs). Each box has the 
|| I - || |-size 2fc ri//2 and contains no other than m elements of M^^o, ^3) U ^(^3). Indeed, 
>(( 2 \(po) satisfies the conditions of Lemma 13.181 This means that the /^-cluster around 
each q: |||.Pq||| < k ri is non-resonant. Since x = x^^q) + p m is a small perturbation of 
H^(ip ), the k s -box around each m + q: |||p q ||| < k Vl is non-resonant too. This means 
m + q G" M^. Further, m + q G" fi s (r 3 ) by fl28l) . since m G fi s (r 3 ) and |||pq||| < k ri . Thus, 
m + q ^ M( 2 \(p ,r3) U f2 s (r 3 ). Next, we apply Lemma 15.131 with x = K^ 2 \(p ) + p mo , 
Jo = 1, £ = k r ' 2 ~ 2l+1 , to conclude that the number of simple boxes IT(m), m G M^fl^^) 
does not exceed k3^' r2+i3l ' yri . Indeed, we rewrite x' 2 '(i^o)+Pm in the form: x' 2 '(^o)+Pm = 
x + p n , n = m — m G f2(7'r 2 ). By (125 ip . x + p n G S@)(k,£) (the operator in formula 
(12511) having the size 2k^ ri and £ = r 2 — 2/ + 1, see (I264p ). Since, Il(m) is simple, 
xo+Pn G !N(fc, 7V2, x , 1) (here, 7 is taken to be equal to 1/2 in the definition of §^ 2 \k, £)). 
Thus, x +p n G S^ 2 ^(/c, £) PI 7V2, x , 1). By Lemma [5. 131 the number of such x +p n 
does not exceed / c 2 7 / 'V3+43«2'-i i Therefore, the number of M 1 - 3 ^ elements in simple boxes 
also does not exceed k 2/y r 2/3+43«2»*i^ 

Next, let us consider white clusters II (m), such that £ > ka^ ri ~ 25 . Generally speaking, 
n(m) has a shape (in Z 4 ) more complicated than a rectangular. However, each such 
cluster can be put in a box of the size Sk iri ^ 2+2So , box containing less than ks' yri ~ Sori 
elements of M^ 2 ) and the box resolvent satisfying (I264p with £ = ke 11 " 1 " 26 (Lemma llO.101) . 
Applying LemmaEHto such boxes (x = x (2) (y? ) +Pm Q , Jo = k^ ri ~ Son , £ = kh ri ~ 2S ), 
we obtain that the number of n mo points m in such boxes does not exceed k 2 " 1 r 2/3+43Z7n 
Similarly, we can treat grey boxes when £ > ^2"> T1 + 2<5ori ~ 2<5 (Lemma 110. lip , black boxes 

4 We also notice that this condition is consistent with the restriction r' 2 < ■^k s ° ri ~ s ~ 3 in (|187p . 



>T7^, £>r 2 -2Z + l. (264) 
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when £ > fc7n+<5on-2<5 (Xemma HQ.12I) . However, in some cases £ does not satisfy the 
previous estimates from below. For such £ a somewhat more complicated construction 
is needed. Indeed, let us consider (P{H(H:^(ipo)) — fc 2i /)P) _1 for IT being white, grey 
or black cluster containing a point (s) of M^. A cluster IT consists of blocks with the 
minimal size /c 7ri//6 . Let us create a substructure inside II . Namely, we construct white, 
grey and black clusters corresponding to a smaller 7 which we denote by 7, 7 = 10 _4 7. 
Note, that there are no simple small clusters inside IT, since IT is not simple. The size of 
these new clusters is much smaller than fc 7ri / 6 . However, they have properties analogous 
to those of the bigger clusters (7). These new clusters we call subclusters. We assert that 
at least one subcluster satisfies one of the following estimates (depending on whether this 
subcluster is white, grey or black): 

\\(P w MH(Z (2) (<fo)) ~ k 2l I)P w>suh )- l \\ > k k ^~ 2S , (265) 
\\(P g , sub (H(x {2) M) ~ k*I)P g , sub )- l \\ > k ^ +2 ' s ^~ 2 \ (266) 

\\(P b , sub (H(x {2) M) - k 2l I)P b , sub )^\\ > k k< " + ~ So)ri - 2S , (267) 

where 5q = 7/IOO (cf. definition of 5o). Indeed, if all subclusters satisfy the inequalities 
opposite to the inequalities above, then the perturbation series for the resolvent of the 
bigger cluster (7) (with respect to the block operator consisting of subclusters) converges, 
see the proof of Theorem 15. 1[ in particular the proof of ( I206p - ( I209p . Hence, we have 

\{P{H{^\^))-k 2l i)py 

which contradicts to (12641) under the hypothesis of the lemma r' 2 > 2k^- 1+&0 ^ w 4ri ~ 2<5 . 

Now, let us consider a resonant A; 7ri -cluster n, see ( I264p . and the substructure inside. 
Note that each subcluster satisfying ( I265[) - (I26T[) can be treated the same way we treated 
the bigger clusters for large £. Namely, let us consider all /c 7ri -clusters n for which there 
exists a white subcluster satisfying (I265p . By Lemma [10.111 each such subcluster can be 
put in a box of the size ^k X/ri ^ 2+2S ° , the box resolvent satisfying (J265]). Such box has less 
than /c(i~ 5 °) ri points m of M,^. Now, applying Lemma 15.131 with x — ^K^o) +Pm ) 

e 1 25 , we obtain that the number of points m in white subclusters 
( 12651) does not exceed / c ^r J ' +43Z7ri . Here we notice that condition of Lemma lo. 131 holds, 
since r 2 < k Sori ~ 3S by (I186p . It follows that the number of fc 7n -clusters n(m), containing 

at least one white subcluster (12651) . does not exceed fc^r a+43Z7r ' 1 . 

Next, we consider all k iri -clusters n(m) for which there exists a grey subcluster, 
satisfying (12661) . but no white subclusters satisfying (12651) . Applying Lemma fl 0.111 and 



< k 



k(7+So)n-2<5 
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Lemma [5. 131 with J = k^^ ^ 1 and £ = &;(2 +2<5 °) r i 2<5 5 we obtain that the number of such 

~ 2-y' V 

fc 7ri -clusters Il(m) in Il mo does not exceed fc - 3 ^ 4 3^i_ 

Similarly, applying Lemma 110.121 and Lemma 15.131 with £ = k^ +5 °^ ri ~ 2S and J = 
c/c 7n+3 , we obtain that the number of fc 7n -clusters n(m), containing a black subclus- 
ter (12671) (and no grey or white subclusters, satisfying (I265p . (I266P ). does not exceed 

fc H2_I2 +43 i 7 r 1 _ Her6) we algo uged ^ < k S ri-3-35 

Combining these estimates, we see that the number of clusters II, containing at least 
one point of M^ 3 -* does not exceed k~ L ^ +m ~ tr ' 1 . Taking into account that each fc 7ri -cluster 
has a size not greater than /c^ 1 " 1 " 3 and, hence, contains less than k 6iri+12 elements, we 

obtain that the total number of elements of M.^ in Il mo , does not exceed k~ r^ 50 '"^ 1 . 
□ 

We continue with constructing /c 7ri -clusters in f2(r 3 ), r 3 > r 2, the same way we did 
it for Q(r 2 ) in Section T4.4.1I We call a /c 7ri -cluster resonant if it contains m G JV[A% see 
(12621) . Next, we repeat the construction after Lemma 14.111 More precisely, let us split 
fl(rs) \ fl(r2) into fc 7r2 -boxes, 7 = |. 

1. Simple region. Let fl s (r 3 ) C fl s (^3) be defined by the formula: 

Qf\r 3 ) = {m G fi(r 3 ), < p m < AT^ 7 " 1 }. (268) 

It is easy to see that fi^ (r 3 ) C M(y? 0) r 3 ), since p m is small, see flTTj) . (169]) . Next, if 
m G f2^(r 3 ), then there are no other elements of M(<y9 , r 3 ) in the fc^-box around m. 
Further, m itself can belong or do not belong to M^^o, r 3)> but there are no other 
elements of M^^o, r 3 ) in the k Vl -box around such m. The proof of these facts is 
analogous to that in Step III, see "Simple region", pageHTl Next, if m G £l s (r 3 ), 
then there are no other elements of Q s (r 3 ) in the surrounding ||| • |||-box of the 
size k T2 , see ( 1281) . Last, m can belong or do not belong to Jv[^({p , r 3 ), but there 
are no other elements from M,( 3 >(ip , r 3 ) in the fc r2 -box around such m. Indeed, 
& (^q) satisfies the conditions of Lemma 14.211 This means that the fc 7n -cluster 
around each q: < |||p q ||| < k T2 is non-resonant. Since x = x( 2 )(<^ ) + p m is a 
small perturbation of k^^q), the fc 7n -box around each m + q: < |||p q ||| < k V2 
is non-resonant too. This means m + q^ M^ 3 ^((/?o, ^3)- 

For each m G f2s (r 3 ) we consider its fc r ' 2//2 -neighborhood. The union of such boxes 
we call the simple region and denote it by Il s (r 3 ). The corresponding projection is 
P s (r 3 ). Note that the distance from the simple region to the nearest point of 
is greater than \kf 2 . 

2. Black, grey and white regions are defined in the same way as in the construction 
after Lemma [4.111 with r 3 instead of r2, r2 instead of ri, M*- 3 -* instead of M^ 2 -* and 
the restriction p m > /^ r 2 fe27ri instead of p m > k^ 57 "' 1 . We continue to use notation 
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Pb, Pg, Pg, P w , P' w and lib, n 9 , 11^, H w , H' w . Sometimes, where it can lead to confusion 
we will write Pb(r 3 ) etc. to distinguish these objects from the ones introduced in 
Step II. 

3. Non-resonant region. Now, the non-resonant region consists of two parts: the sim- 
pler part which was non-resonant already in the previous step and the part which is 
new for the current step. Namely, first we consider /^-neighborhoods of all points in 
the set M(r 3 ,^ ) \ (M(r 2 , <p ) U M^{r 3 , <p Q ) U ^ 2) (r 3 )) • The union of this neigh- 
borhoods we denote H nr ^. The corresponding projection is P nr ,s- These /^-clusters 
can be treated by means of the second step. We also consider all points in the set 
M< 2 > (r 3 , <p ) U fii 2) (r 3 ) \ (m® (r 2 , <p ) U M (3) (r 3 , (p ) U fif (r 3 )) . We construct sim- 
ple, white, grey and black clusters around them exactly as in preparation to Step 
III. The union of these clusters we denote n nr r . 1 . The corresponding projection is 
P nrtri . The set U nr := H nr ,8 U H n r,n is called the non-resonant set with P nr being 
the corresponding projection. The part of the non-resonant region which is outside 
IT U I!;, U Ug U H w , we denote W nr and the corresponding projection by P' nr . 

We put as before 

P r (r 3 ) ■= P s (r 3 ) + P b (r 3 ) + P g (r 3 ) + (r 3 ), P (3) := P r (r 3 ) + P^z) + P{r 2 ). (269) 

We also continue to use the similar agreement in the notation which we set in Step II. We 
just note that now we use r 2 rather than r\ to establish equivalence between the boxes. 

We continue construction from Step II. Repeating the arguments from the proofs of 
Lemmas I4.12[ 14.131 14.141 with obvious changes (in particular, using Lemma 15.141 instead 
of Lemma 14.111) we obtain the following results. 

Lemma 5.15. 1. Each l¥ b contains no more than k^/z-Sorv+isoi-yri ^ ac £ b 0X es. 

2. The size ofH J b in \\ \ ■ \\\ norm is less than & 3 7r2/2+i50/7n _ 

3. Each T¥ h contains no more than k" fr2+150liri elements of M 1 - 3 ^ . Moreover, any box 
of HI • || | -sue k 3/yr2 / 2+150lrri containing Hi has no more than ^n+wi-yn elements of 

inside. 

Lemma 5.16. 1. Each H g contains no more than k /yr2 ^ 3+2So ' r2 grey boxes. 

2. The size of Hi in ||| • ||| norm is less than k^^/^+^o^ _ 

3. Each Hi contains no more than W r2/2+Sor2 elements of M (3) . 
Lemma 5.17. 1. The size ofW w in \\ \ ■ \\\ norm is less than k^ r2 ' 3 ~ s ° r2 . 

2. Each H 3 W contains no more than fcW6-5 r 2 pomfs ^ 3vt(3) 
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The construction of the rest of Section 14.4.11 stays unchanged. Let us introduce corre- 
sponding notation, formulate the results and provide some comments. 
Next lemmas are the analogues of Lemmas 14.171 14.18[ 14.191 



Lemma 5.18. Let fo € u^ 3 '(k, S, r), \f — fo\ < k fcri . Then, 
P„ r (tf(x( 3 )(v?))-^/)P ? 



(270) 



Proof. Construction in Section 14741 is made for an arbitrary large r 2 . Here we repeat 
it for r 3 . We use Lemma 14.171 for H nrt s Lemma 14.181 for white, grey and black clusters 
(^o = k~ T '^). We also use Lemma 14. 191 (p m > k~ r z k2jri , e = k~ r '^\ for simple clusters 
in Unr^n- We also use ( I249p . All together the estimates for the clusters resolvents yield 
( 1270]) . The estimate fl270|) is stable when \if - <p \ < k~ kr \ since k~ kri+21 = o(k 



-fc 3 T r l ' 



Lemma 5.19. Let fo G tu^(k, S, r), and \ip — ipo\ < k 



1,2,3. Then, 
i 



1. The number of poles of the resolvent (Pi(H(x^ (if)) — k 2l l)Pij in the disc \if — 
<p \ < k~ kn is no greater than ivf } , where n[ 2) = k^ 2+150l ^ ri , = k^ 2+s ° r2 , 



N. 



(2) 



^■yr 2 /6-Sor 2 



2. Lets be the distance to the nearest pole of the resolvent in ande^ = min{e, k r ' 2 }. 
Then the following estimates hold: 



P i (H(^\i P ))-k 2l l)P i 



-i 



< k* r * K ' L k r * 



So 



< 



i (k- r * 



N 



(2) 



(271) 



P^H^^-k 21 !)^ 



1 V £ 



k~^ N - 



C2) 



n fk-^\ 1 



< 



(2) 



(272) 



Proof. The proof of this lemma is analogous to that of Lemma 14.181 up to the replace- 
ment of by { A ] by 0®, and the shift of indices: 6 to ri, ri to r 2 , etc. We 
apply Lemmas 15 . 1 51457T71 instead of 14. 12144. 141 and Lemmas 14. 18[ l4~T9l with eo = k~ r ' 2 and 
p m > k- r '^ rx instead of Lemma EH We also note that ivf } < k 2 ^ in (117% . (1X75]) . □ 
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Lemma 5.20. Let <p e cu (3 \k,5,r). Then, the operator (Pi(H(x^((p)) - k 2l l)P 3 s 
has no more than one pole in the disk \<p — ip \ < k~ kn . Moreover, 



-l 



Pl(H{^\v))~k 2l l)P; 



pi(H{K®{ 9 ))-0l)Pi 



< 



]k -2l+l 



< 



8k -2l+l+4r 2 



(273) 
(274) 



eq = minje, k r ' 2 }, where e is the distance to the pole of the operator. 



Note that p m > k ^ r ' A when m e ^(^3). The analogues of Lemma 14.151 and Corol- 
lary |4]T6] also hold. 

5.3.3 Resonant and Nonresonant Sets for Step IV 

We divide [0, 2ir) into [27rfc fcn ] + 1 intervals A™ with the length not bigger than fc _fc ' 1 . If 

a particular interval belongs to 0^ we ignore it; otherwise, let ipo(m) $ 0^ be a point 

(3) 

inside the Am . Let 



Wg> = W E : \<p-<p (m)\< 4AT fcn }. 



(275) 



Clearly, neighboring sets Wm overlap (because of the multiplier 4 in the inequality), they 
cover , which is the restriction of to the 2k~ kn -neighborhood of [0, 2ir). For 
each Lp £ there is an m such that \ip — ipo(m)\ < Ak~ kTl . We consider the poles of the 



,(3) 



1 M n 



resolvent [P^> (H(^ 3 \ip)) — k 2l )P^) in W; and denote them by ip 
As before, the resolvent has a block structure. The number of blocks clearly cannot exceed 
the number of elements in fl(rs), i.e. k Ar3 . Using the estimates for the number of poles for 
each block, the estimate being provided by Lemma T5. 191 Part 1, we can roughly estimate 
the number of poles of the resolvent by k Ar3+T2 . Next, let r 3 > k ri and 0^- be the disc of 

the radius k~ r ' s around (p. 



(3) 
my 



Definition 5.21. The set 



{4) = LUO 



(4) 



we call the forth resonant set. The set 



W (4) = ^(3) y q(4) 

is called the forth non-resonant set. The set 

= w< 4 > n [0, 2vr) 
is called the forth real non-resonant set. 



(276) 



(277) 



(278) 
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The following statements can be proven in the same way as Lemmas 14.211 14.221 and 
14231 

Lemma 5.22. Let r' 3 > /ir 3 > k ri , ip G <po{ m ) corresponds to an interval A$ 

containing HR,ip. Let II be one of the components UP 3 ((po(Tn)) , ^■l(fo( m )); n j g (ip (m)) , 
W w (ip (m)) and P(H) be the projection corresponding to II. Let also x G C : |x- 
^\ V )\<k-^ k2ir2 . Then, 



x 



(p(n) [h - k 2l i) Pii^y 1 < k 2 ^ + ^ N(2} 



(P(n) {H(Z{<p)) - k 2l l) P(n))" 1 < fcPAH-lJrs-KiVOT 



(279) 



(280) 



N (2) corresponding to the color of U (N^ = 1, k^ +im ^ r \ k^ 2+s ° r2 , k^l % ~ & ^ for 
simple, black, grey and white clusters, correspondingly) . 

By total size of the set 0^ we mean the sum of the sizes of its connected components. 

Lemma 5.23. Let r' 3 > (//+ 10)r 3; r 3 > k ri . Then, the size of each connected component 
ofQW is less than 32k 4r3 - r K The total size of 0^ is less than k~ r '^ 2 . 



Lemma 5.24. Let ip 6 and C 4 be the circle \z — k 21 

(P(r 2 )(H(^ 3 \<p)) - z)P(r 2 ))' 1 
We prove this lemma using (12021) . 



k~^ ir \ Then 



<4 3 ^3 fc27 " 2 . 



6 STEP IV 

6.1 Operator H^' . Perturbation Formulas 

Let P(r 3 ) be an orthogonal projector onto fi(r 3 ) := {m : |||p m ||| 
P{r^)HP{r 3 ). From now on, we assume 

k ri <r 3 < F 10 " 7r2 , fc 27l0_4r2 < r 3 < k 5or2/2 . 

We consider H^ 4 \>c^ (cp)) as a perturbation of H^{x^ ((f)): 

His) := pV> H pV> + ( P(r3) _ pW) p Q; 

where H = H(>c^((p)), H = H^x^ ((f)) and Pj is the projection P^ corresponding 
to ipo(j) in the interval A^ containing ip, see (12691) . Note that the operator has a 



< k r3 } and = 
(281) 
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block structure, the block PjHPj being composed of smaller blocks PiHPi, i = 0, 5. 
By analogy with ffT88l)-ffT90l). 

W (3) = H (A) _ £( 3 ) = p^ V P(r 3 ) - Pf ] VPf\ (282) 

g W(Z) : = t-^Tr <f (V (3) (# (3) (x) - zI)- 1 Y dz, (283) 

G' 4) (x) := ( ~ 1)r+1 / (H^\x) - ziy 1 (w^\H^\k) - zl)~ l \ ' dz, (284) 
2ttz J Ci V / 

where C 4 is the circle \z — k 2l \ = = fc- 2r 3 fc27r2 . 

The proof of the following statements is analogous to the one in the previous step (see 
Theorem 15.11 Corollary 15.21 and Lemma f5.3j) up to the replacement of by r 2 by r%, 
n by r 2 , etc. 

Theorem 6.1. Suppose k > k*, (p is in the real k~ r ' 3 ~ s -neighborhood of u^\k,5,r) and 
x 6 K, |x — x^ 3 \p)\ < k~ 2l+1 ~ s , k = x(cosp, simp). Then, there exists a single 
eigenvalue of H^\x) in the interval e±(k, 5, r) = (k 21 — k 21 + e^^j . It is given by the 
absolutely converging series: 

00 

A( 4 )(x) = A( 3 )(x) + ]T^ 4 )(x). (285) 

r=2 

For coefficients g^(x) the following estimates hold: 

\gf\x)\ <k -§^-P(r-i)_ (286) 

The corresponding spectral projection is given by the series: 

00 

£(4)( x ) = £(3)( x ) + ^GW(x), (287) 



r=l 



£( 3 )(x) being the spectral projection of H^\k). The operators G r (x) satisfy the esti- 
mates ~ 

\\G^{Z)\\ x <k-^- r ^^ (288) 

(x) ss / = 0, when 2rF r2+150/7ri + 3A; r2 < || \p s \\ \ + \\ \p s , \\ \ . (289) 

Corollary 6.2. For the perturbed eigenvalue and its spectral projection the following es- 
timates hold: 

A< 4 )(x) = A^x) + 2 (k-& kra ~ ri - f} ) , (290) 
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|| £ (4)(£) _ £(3)(x)|| i < 2k-^ kr2 ~ ri -P. (291) 

|£ (4) (x) ss ,| < A;- d(4)(s ' s,) , when \\\p s \\\ > 4F 2 or |||p s ,||| > (292) 

^ 4 )(s,s') = + IH^IID^-^^ + l/JF^. 

Lemma 6.3. Under conditions of Theorem \ 6.1\ the following estimates hold when (p e 
u/ 4 )(/c, 5) or zis complex k~ r 3~ s -neighborhood and x G C : |x — x^(</?)| < £g 4 ' ) /c~ 2i+1 ~' 5 . 

A( 4 )(x) = A^(x) + 2 (V^ 2 ^) , (293) 

fc 

^ = ^ + 2 (*-4*""-^), (295) 
op op \ / 

Corollary 6.4. All "0 2 ; '-s on the right hand sides of f)293p -f l298|) can be written as 

o 1 (V^ fcr2 ~ ri ). 

Remark 6.5. In the proof of Theorem \6.1\ and similar statements in every further step 
of the induction we obtain the estimate of the form (12011) . It is important to notice 
that the right hand side of these estimates is always exactly k' 13 . It can't become bet- 
ter since it comes from the estimate of the free resolvent on the set of points satisfying 
|x + p m |jj — k 2l \ > Z^- 2 - 40 ^ 5 . What changes is the first term in the perturbation series, 
see e.g. ([192]), (EDS]) vs (J286]) ; ( l288|) . 



6.2 Isoenergetic Surface for Operator 

The following statement is an analogue of Lemma 15.51 

Lemma 6.6. 1. For every A := k 21 , k > k*, and cp in the real |fc _r 3 _<5 -neighborhood 
of u^(k,5,r), there is a unique x^(A, (p) in the interval I 3 := [x( 3 )(A, y?) — 

£ (A) k -2l + l- Sj X (3) (A; ^ + £ (4) k -2l+l-6^ such that 

A (4) (x (4) (A, ip)) = A, K iA \\p):= K^\\p)V(p). (299) 
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2. Furthermore, there exists an analytic in ip continuation of x' 4 '(A, to the com- 
plex ^k~ r 3~ s -neighborhood of u^'(k,S,r) such that A^(i<^(A, ip)) = A. Function 
x( 4 )(A,y?) can be represented as x' 4 )(A, ip) = H^(X,ip) + h^'(\,ip), where 



\h^(ip)\ = 1 ( k -^-n-p-2i+i^ ; (300) 

2 (V^"' 



dip \ J dip 



(301) 



Let us consider the set of points in M 2 given by the formula: x = jffl (<£>), <y2 G 
u/ 4 )(&, 5, r). By Lemma [6761 this set of points is a slight distortion of D3. All the points of 
this curve satisfy the equation A^(x^ (ip)) = k 21 . We call it isoenergetic surface of the 
operator and denote by D4. 



7 Induction 

7.1 Inductive formulas for r n 

Now, we are ready to introduce the induction. In fact, STEP IV has been the first 
inductive step. Here, for the sake of convenience, we reformulate the main statements 
from the previous step in terms of r n , n > 3, and provide necessary comments. First, we 
choose 

k rn ~ 2 <r n < F 10 " 7 ^" 1 , A; 2710 " 4 "- 1 < r' n < k 5 ° r - l/2 , n > 3. (302) 

7.2 Preparation for Step n + 1, n > 4 

7.2.1 Properties of the Quasiperiodic Lattice. Induction 

Here we prove the inductive version of the results from Section 15.3.11 We consider p m = 
27r(s 1 + as 2 ) with integer vectors Sj such that \sj\ < 4k rn - 1 . We repeat the arguments from 
the beginning of Section H~3l Namely, let (q,p) G Z 2 be a pair such that < q < 4/c rn_1 
and 

\aq + p\ < 16ife~ r »- 1 . (303) 

We choose a pair (p, q) which gives the best approximation. In particular, p and q are 
mutually simple. Put e q := a + |. We have 

k -2r n ^n < y < i 6g -i^-^-i. (304) 
The analogs of Lemmas I5.6H5.8I hold with n — 1 instead of 2. 
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We consider the matrix ff( n ~ 1 )(x) = P{^r n -2)H (x)(pr n -2) where x G M 2 , -P(7r n _ 2 ) is 
the orthogonal projection corresponding to f2(7r n _ 2 ). □ We construct the block structure 
in H<- n -V(Z) analo gous to that in Step n — 1. The difference is that now we consider any 
x G M 2 , not only x being close to x^ n_2 ^ (</?). Correspondingly, we define non-resonant 
m not in terms of but in more general terms of inequalities providing convergence of 
perturbation series. Indeed, we call m G fi(7r n _ 2 ) non- resonant if (cf. (1551) ) 

||x + Pm| 2 -A; 2 | > A;" 40 ^. (305) 

Obviously, this estimate is stable in the fc _4lM<5 ~ 1 -neighborhood of a given x. Hence, the 
definition of a non-resonant m is stable in this neighborhood up to a multiplier 1 + o(l) 
in the r.h.s. of ( I305p . Around each resonant m we construct /^-boxes/clusters (see (1731) ). 
Let P m be the projection on the /^-cluster containing m. If 

\\{P m {H{x)-k 2l )P m )- l \\<k^ (306) 

(cf. ( I103p ). then we call the /^-cluster effectively non- resonant for a given x. Note, that 
the above estimate and, therefore, the definition of an effectively non-resonant fc^-cluster 
is stable in the A; _47r i _2 ' +1 ~ 5 -neighborhood of a given x. The A; 5 -clusters, where (I306|) 
is not valid, are called effectively resonant A^-clusters. Around each effectively resonant 
/^-cluster, we construct fc 7n -clusters. We sort these clusters into four types: simple, white 
and black clusters as in Section I4.4.1[ using the term "m is effectively resonant" instead 
of "m G M( 2 )". There is no need to consider a special case of simple clusters here. Note 
that Lemmas 14 . 1 21 - 14" . 1 41 are valid for an arbitrary x, since they are based on Lemmas 14.81 
14.101 proven for an arbitrary x. Be analogy with (I184p . a fc 7ri -cluster is called effectively 
non-resonant if 

||(P m (#(x) - k 2l )P m )~ l \\ < k 2 ^ +r '^\ (307) 

where corresponds to the color of a £; 7ri -cluster, ivf } = £; 7ri+3 , k^ r ^ 2+s ° ri or feWe-ft^ 
If n = 4 we stop here. If n > 4, we surround effectively resonant k JTl -clusters by blocks 
of the next size, etc. The analogs of Lemmas 14.121 - 14.141 are valid, see Lemmas 15.151 - 
I5.17[ I7T71 - 17.91 Eventually, the fc 7rn_3 -cluster is effectively non-resonant if 

\\(P m (H(Z) - fc a )P m )- 1 || < k» rn - 2+ <-* N * n ~ 3) , (308) 

where jV. (n_3) is N^~ 3) = fc7^- 3 +i50Z 7 r„-4 j £.7^-3/2+50^^ ^.TTn-3/6-«or n -3 j depending on 
the color of the cluster (cf. (130 7p . (I279P ). Further we put 150/7r = 3. This will 
make (130 7p to be a special case of ( I308p (n = 4). Thus, we have constructed a block 
structure in if( n_1 )(x), which is stable in the fc _Pn - 2 -neighborhood of a given x, where 
Pl = 477^ + 21 - 1 + 5 and 

pn-2 = /ir n _ 2 + r ;_ 2 fc 7r "- 3+1507r "- 4 + 21 - 1 + 5, when n > 4. 

It is not difficult to show that p n _ 2 < r n -\. 

It is a slight abuse of notations, since fft"- 1 ) in Step n - 1 was defined for 7 = 1. 
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Definition 7.1. We denote by J(x) the number of the effectively resonant k 1Tn ~ 3 - clusters 
in .£/"( n_1 )(x) for a given x. Further (with a slight abuse of notations) we consider J(x) 
to be constant in the k~ Pn - 2 -neighborhood of a given x. 

Let k = BT\ + b, |a| = 1, |b| < Ak 1Tn - 2 . We consider iP- n_1 )(x) as a function of T\ 
in the complex fc _Pn - 2 -neighbothood of zero. 

Lemma 7.2. The resolvent (if( n_1 )(x) — k 2l )~ l has no more than k 2/yrn ~ 3 J(h) poles ry 
in the the complex 2k~ Pn ~ 2 -neighborhood of zero. It satisfies the following estimate in the 
the complex k~ Pn -' 2 -neighborhood of zero.: 

UH^ix) - ey'W < F«- 2fc27r - 3 I , (309) 

where Eo = min{k~ 2pn - 2 , e}, e being the distance to the nearest pole t±j. 

Proof. The lemma is proved by induction. For n — 3, see Lemma f5. 101 Let us consider 
the case n > 4. Recall (Definition 17. 1 j) that J(x) may be considered to be constant in 
2/c _Pn_2 -neighborhood of T\ = 0. Hence, J(x) = </(b) for such x-s. 

Let us consider the collection of all fc <5 ,...,fc 7rn - 3 -clusters P m for if( ra_1 )(x). Note that 
the collection is the same for all such x. We construct the corresponding block operator 
P>" 2 )(x): 

E^- 2 \k) = J2 P mHP m + H (I - J2 P ™)- 

If a fc 7rn ~ 3 -cluster P m PT(x)P m is effectively non-resonant, then its resolvent, obviously, 
has no poles T\ in the 2fc _Pn - 2 -neighborhood of T\ = 0. The resolvent of each effectively 
resonant /c 7r " n - 3 -cluster P m PT(x)P m has no more than N$ n 3) /t 27r "- 4 (k 2 ^ r ° is taken to be 
equal to 8 for n = 4) poles ry in the /c _Pn_3 -neighborhood of T\ = 0. It follows from 
this lemma for the previous step and also Lemmas 14. 12LK7T4| I5.15H5.1T1 and I7.7H7.9I for 
previous steps, which give the estimates for J(x) in the previous steps, based on the color 
of clusters. Let us consider the union of k~ 2pn ~ 2 neighborhoods of these poles and denote 
it by D m . By this lemma for n — 1, instead of n, each k 1Tn ~ 3 cluster satisfies the estimate 

||(P m (i/("- 1 )(x) - A^Pmrl < F"- 3fe27r "- 4 A; 2p «- 2 ^" 3)fc27r "- 4 

outside D m , N^ n ^ corresponding the color of the cluster. Note that max^A^™ ^ = 
N (n-3) < A , 7rn _ 3+ i5o/ 7 r-n-4_ Therefore, the resolvent ^P~ (n ~ 2) (x) - k 2l ^j has no more 

than J(x)A^ 1 (n_3) fc 27r "- 4 poles r y in the complex k Pn_3 -neighborhood of t\ = 0. Let 
D = U m D m , the union being taken over all m corresponding to all resonant clusters. The 
number of m-s in the union, obviously, does not exceed fc 47r ™- 2 , which is the number of 
different m in H^-^(m:). Therefore, the size of each connected component of D is less 
than / c -2pn-2/ c 47r n _ 2 _ Q (&~Pn-2)_ We are interested only in those components of D, which 
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are completely in the disk of the radius 2k~ pn ~ 2 around T\ = 0. Considering as before 0, 
we can show that the perturbation series for the resolvent (if( n_1 )(x) — k 2l )~ l with respect 
to (H^ n ~ 2 '(>() — k 21 )^ 1 converges on the boundary of D. The resolvents have the same 
number of poles inside each component of D. Hence, (f/"^ n_1 ^(x) — k 2l )~ l has no more than 
J(x)iV 1 (n ~ 3) A; 27r ™- 4 poles in D. It is easy to see that J(x)iV 1 {n ~ 3) A; 27r "- 4 < J{x)k 2 ^~\ 
The resolvent satisfies the following estimate outside D: 

Using the maximum principle we obtain (I3Q9|) . □ 
Next, we introduce 

§M(^):={xgM 2 : \\(H {n - l \x) - k 21 )' 1 ]] > k^}. (310) 

It is easy to see that each connected component of S^ _1 ^(/c, £) is bounded by the curves 
D(2, k 21 ± At*) = 0, where D(x, A) = det (H^ l \x) - A). 

Lemma 7.3. Let 1 be a segment of a straight line in M? , 

1:= {x = aTi+b, n G (0,77)}, |a| = 1, |b| < 4F r - 2 , < 77 < k~ pn ~ 2 } . (311) 

Suppose both ends of\ belong to a connected component of § ( - n ~ 1 \k, £). //£ is sufficiently 
large, namely, £ > 2k 2irn -' i J{h)\og k ^, then, there is an inner part \' of the segment, 
which is not in S( n-1 )(A;, £). 

Corollary 7.4. Lei x G S^ -1 ^^, £) and £ > fe 271 "™ -3 J(x)p n _ 2 . T/ien t/ie distance from x 
to £/ie boundary of S^ -1 ^, £) zs /ess i/ian £ = £ > k~ 2rrn ~' i J{k)~ x . 

Proof of the corollary. Let us consider a segment of the length 77 = A; - ^ starting at x 
By the statement of the lemma it intersects a boundary D(x, k 21 ± A; _, ») = 0. 

Proof. Choose e = rf. Using the hypothesis of the lemma, we obtain that the right- 
hand side of (1309 j) is less than k^ outside the discs. Let us estimate the total size (sum 
of the sizes) of the discs. Indeed, the size of each disc is 2rf and the number of discs 
is, obviously, less 16/c 47rn_2 . Therefore, the total size admits the estimate from above: 
32i] 2 k 47r ' 1 - 2 = 0(77), since 77 < k~ Pn ~ 2 . This means there is a part 1' of 1 outside these discs. 
By fl309|) . this part is outside ^ n ~ x \k, £), when f is as described in the statement of the 
lemma. □ 

Let x G M 2 be fixed and N(k, r n _i, x , Jo) be the following subset of the lattice 
x + p n , n G ft(r n _i): 

X(/c,r n _i,x , J ) = {x +p n : n G fi(r n _i) : J(x +p n ) < J } , 

6 see the proof of Theorem 15 . II with r„_2 instead of r2, r n _3 instead of n and fc7>"«-3+i50(7r„_4 ms ^ ea( j 
of /c 7ri+3 , when one considers black clusters. 



85 



J being defined by Definition 17.11 Thus, 3\f includes only such n that the surrounding 
fc 7r ™- 2 - block contains less than J of effectively resonant points. Let N{k,r n ~i, xo, Jo,0 
be the number of points x + Pn in ^'^{k, £) fl r„_i, x , Jo)- 

Lemma 7.5. If £ > 4/j,r n _iJ k 2 ' yrn - 3 , then 

N{k,r n ^,K ,J ,0 < fcf^- 1 +^n- 2 . (312 ) 

Proof. The proof of the lemma is completely analogous to that of 15.131 up to replace- 
ment of 2 by n — 1. Instead of Corollary 15.121 we use Corollary 17.41 and the inequality 

Pn-2 < r n _ x . □ 

7.2.2 Model Operator for Step n + 1 

We repeat for r n the construction from the subsection 14.4.11 which was done for arbitrary 
large r n _i. We start with introducing a new notation by analogy with (12631) and (12681) : 

Q®(r n ) = {m G 0(r„), < p m < AT'I-^- 2 }, j > 2, (313) 

where k 2irj - 2 is taken to be just 5 when j = 2. Note that Q^ +1 ' C Qs and fis = when 
j > n. Next, let m G fi(r n ). We denote the /c 7r "-- 2 -component containing m by Il(m) and 
the corresponding projector by P(m). For m belonging to the same fc 7rn_2 -component, 
n(m) and P(m) are the same. We define M*™** by the recurrent formula, which starts 
with M^, see (12621) : 

M (n) := MW^.rJ = {m G M^fco, r n ) U fif^fo) : e OW^, 1)}, (314) 

where Om\r' n _ l7 r) is the union of the disks of the radius Tk~ r ' n ~ 1 with the centers at poles 
of the resolvent (P(m)(if (x^ -1 ) {(f)) — k 2l I)P{m))^ 1 in the Ar 44 ^- 2 " 2 ' -5 - neighborhood 
of (fo. For m belonging to the same k^ 71 ' 1 - component, the sets Om (r^_ 1( r) are identical. 
We say that m G JAS 11 ^ is fc 7rn - 2 -resonant. The corresponding /c 7? " n - 2 -clusters we call 
resonant too. 

Let fo G uj( n \k,5,l). By construction of the non-resonant set u^ n \k,S,l), we have 
MW n fi(r n _i) = 0. 

Further we use the property of the set formulated in the next lemma which is an 
analogue of the Lemmas I4.11[ 15. 141 

Lemma 7.6. Let r' n ^ > 2k^ +5 ^ 10 ' 4rn - 2 - 25 ^\ Let 1/20 < i < 20, m G Vt{r n ) and IT mo 
be the k 1 Vn ' 1 -neighborhood (in \\ \ ■ \\\-norm) of m.Q. Then the set Il mo contains less than 
fc §7'r„-i+50i 7 rn-2 dements ofM^. 

7 We also notice that this condition is consistent with the restriction (|302[> . 
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Proof. The proof is similar to that of Lemma 15.141 up to the replacement of 3 by 
n. Instead of Lemma 13.181 we use Lemmas I4.21( n=4) 15.221 (n=5) and 17.141 with n — 2 
instead of n when n > 5. We also use Lemma 1731 instead of Lemma [5.131 We use (I302j) 
to show that the hypothesis of Lemma 17.51 holds. In particular, we use the inequality 
r' n _ x » 4/ir n _!fc 2 T r "- 3 , following from (J3U2]). □ 

We continue with constructing fc 7rn - 2 -clusters in Q(r n ), r n > r n _i, the same way we 
did it for 0^) in Section 14.4.11 We call a fc 7r ™- 2 -cluster resonant if it contains m 6 M*™**, 
see (I262p . (13141) . Next, we repeat the construction after Lemma |4.1 H up to the replacement 
of r\ by r n _i and 5 be 7r n _ 2 . Indeed, let us split fi(r n ) \Q(r n _i) into fc 7r ™ _1 -boxes, 7 = |. 

First, let's consider m G Qi n \r n ). As before (see "Simple region", page H7J) one can 
prove that c M(r„); there are no other elements of M(r n ) in the k 5 -box around 

m; m itself can belong or do not belong to M^(r n ), but there are no other elements of 
M^(r n ) in the k rj ^ 1 -box around such m, j = 2, . . . , n; and there are no other elements 
of Qs (r n ) in the fc rn-1 -box around m. 

For each m e Slj,(r n ) we consider its /c rn_1//2 -neighborhood in ||| • ||| norm. The union 
of such boxes we call the simple region and denote IT S . The corresponding projection is 

P.- 

Now, consider all other boxes (all elements p m there satisfy p m > k~ Tn - lk n ). We 
call a box black if it together with its neighbors contains more than fc7^n-i/2+<5or„-i e i em ents 
of M^, d~ = 7/IOO. Let us consider "black" boxes together with their k jrn - 1+Sorn - 1 - 
neighborhoods and call this the black region. We denote the black region by IT;,. The 
corresponding projector is By white boxes we mean fc 7r ™ _1 -boxes which together with 
its neighbors contain no more than ^7»*n-i/2+<W-i e l em ents of M,^ n \ Every white box 
we split into "small" boxes of the size k irn - 1 / 2+2Sorn - 1 . We call a small box "grey" if it 
together with its neighbors contains more than jfeTrn-i/6-abrn-i elements of M (n) . Grey 
small boxes together with its fc 7rn - 1//2+2<5 ° rn - 1 -neighborhoods we call the grey region. The 
notation for this region is II 9 . The corresponding projector is P g . The part of the grey 
region which is outside the black region, we denote U' g and the corresponding projection 
by Pg. By a white small box we call a small box which has no more than fcT r *-:i-/ 6 ~<W-i 
elements of JA^. In each small white box we consider /c 7rn ~ 1//6 -boxes around each point 
ofM (n) . The union of such fc 7rn_1 ' -boxes we call the white region and denote 11^. The 
corresponding projection is P w . The part of the white region which is outside the black 
and grey regions, we denote Il' w and the corresponding projection by P' w . 

We put as before 

P (n) := pf) + p(n) + p (n Y + p(n Y 

The construction of the non-resonant region is the inductive extension of that for Step IV, 
see Section |573| page[76j Indeed, we start with construction of k s clusters in Q(r n ). Those 
of them, who are resonant, we extend to k iri clusters, those of them, which are resonant we 
extend to fc 7r2 clusters, and so on until we reach the size k' yr "- 2 . On each step we construct 
a colored structure (simple, black, grey, white). If /c 7 ^ -cluster happens to intersect k 1Tj+1 - 
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cluster, we consider it to be a part of /c 7rj+1 -cluster. Thus, fc 7 ^ -clusters are built around 
the points of M&' +1 >(r n , ^> )uni i+1) (r n )\ (m&'+^tw, <p Q ) U M^+ 2 )(r„, <p Q ) U n { s j+2) (r, 



The set of all other non-resonant fc 7 ^ -clusters we denote by Ilnf^- Then 

Tj(n) , ,n-2TT(n) 
±A nr ' J=0 nr,rj J 

Those Illvr^j, which intersect with we attach to n!ft just slightly abusing the notation 

(cf. Section 15 .3 j) . The part of n„",rj which does not intersect with Hr we denote by 

nirirj- Correspondingly, the part of ni™ which does not intersect IT+ n ' ) is denoted by 
li^nr ■ Further, 

p(n) ._ p(n) + p(ny + p^). ( 315 ) 

We continue construction from Section 14.41 Repeating the arguments from the proofs of 
Lemmas 14.121 14.131 14. 141 with obvious changes (in particular, using Lemma [7.61 instead of 
Lemmas 14.111 15. 14j) we obtain the following results. (Here and in what follows we will 
omit superscript (n) when it does not lead to a confusion.) 

Lemma 7.7. 1. Each W b contains no more than fc7rn-i/2-<5or„_i+i50Z 7 r n _2 j/ ac £ foxes. 

2. The size of III in \\\ ■ ||| norm is less than k&Vn-i/z+isoiyrn-i _ 

3. Each U 3 b contains no more than ^7^-1+150/7^-2 e i emen f s of M,( n \ Moreover, any 
box of HI • || I -sue fc 3 7' r n-i/2+i50«7r n _ 2 con t a ining H| has no more than k^ /rn - 1+im ' rrn - 2 
elements o/M^ inside. 

Lemma 7.8. 1. Each W g contains no more than fc7»> l -i/3+2<5or„-i g re y b oxes ^ 

2. The size of Hi m III • III norm is less than k birn - 1 / &+A5 ° rn - 1 . 

j g Mini 

3. Each Hi contains no more than k rrn ~ 1 ' 2+Sorn ~ 1 elements of M^. 
Lemma 7.9. 1. The size ofW w in ||| • ||| norm is less than fc7»"n-i/3-5or»-i _ 

2. Each UP W contains no more than k irn ~ 1 ' 6 ~ 5oVn ~ 1 points ofM^ n \ 

The construction of the rest of Section 14.4.11 stays unchanged. Let us introduce corre- 
sponding notation, formulate the results and provide some comments. 
Next lemmas are the analogues of Lemmas 14.171 14.181 14.191 

Lemma 7.10. Let ip £ cu^ n \k, 5, t), \(p — y2 | < k~ kr "~ 2 . Then, 

(p nr (H(# n \<p)) - fc 2i /)P nr ) _1 < k<-^ irn - 2 k r '^ < k k3irn ~ 2 . (316) 
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Lemma 7.11. Let ipo G oj( n \k, 5, t), and \<p — (po\ < k fcTl 2 ,i = l,2,3. Then, 



1. The number of poles of the resolvent [Pi(H (>^ n '(cp)) — k 2l l)Pij in the disc \cp — 



ip \ < Ar fc?n ~ 2 is no greater than N\ n ~ 1] , where N[ n ~ 1] = k^-^ +im ^~\ jV 2 (n 1] 

2. Let e be the distance to the nearest pole of the resolvent in and let Eq 

min{e, fc~ r "- 1 }. Then the following estimates hold: 



P i (H{^ n \i P ))-k 2l l)P i 



-i 



< 



k 2 <-^ rn - 2 k< 



so 



N 



(n-l) 



< 



N 



(n-l) 



(317) 



P i (H{^ n \ V ))-k 2l l)P i 



< 



fc 2r;_ 1 fc 2 ^-2 A ,<„ 1 +8 7 r I , 



So 



N 



(n-l) 



< 



k 



k^ r n-2 ( k r ™-! 



So 



N 



(n-l) 



(318) 



Proof. The proof of this lemma is analogous to that of Lemma 14.181 up to the replace- 
ment of by M^ n \ Om by Om , and the shift of indices: 5 to r„_ 2 , r x to r n _i, etc. We 
apply Lemmas O-EH] instead of l^7T2H47T4l We apply Lemmas EHHJ ESS with e = k~ r 3 
and p m > k~ r 3 k2 "' r2 instead of Lemma 14.181 14.191 for n = 4 and Lemmas 17.111 17.121 with 

inductively (with n — 1 instead of n and Eq = fc -7 *™- 1 , p m > k~ r ™- lk n ~ 2 ) for further steps. 
□ 

Lemma 7.12. Let <p Q G co {n) (k, 5, r). Then, the operator (V/(#(x (n) (y?)) - k 2l l)P^j 
has no more than one pole in the disk \cp — ip Q \ < k~ kr "~ 2 . Moreover, 



Pi(H(^\^))-k 2l l)P; 



Pl{H{^ n \ V ))-k 2l l)P> 



-i 



< 



8k 



-21+1 



< 



PmSo 
^-2Z+l+4r„_i 
Pm£0 



(319) 
(320) 



Eq = min{e, k r ' n - 1 }, where e is the distance to the pole of the operator. 



Note that p m > k 2fJ-rn when m e Q{r n ). The analogues of Lemma 14.151 and Corol- 
lary HjjJ] also hold. 
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7.2.3 Resonant and Nonresonant Sets for Step n + 1 

We divide [0, 2ir) into [27rk krn ~ 2 ] + l intervals A„' with the length not bigger than k~ kr "~ 2 . 
If a particular interval belongs to 0^ n ^ we ignore it; otherwise, let (po(m) G" 0^ n ^ be a point 
inside the Am . Let 

WW = & G : \<p - <p (m)\ < 4k- krn ~ 2 }. (321) 

Clearly, neighboring sets Wm overlap (because of the multiplier 4 in the inequality), 
they cover W^ ra ^ , which is the restriction of W^ n ^ to the 2fc _fcrn_2 -neighborhood of [0, 2ir). 
For each cp G there is an m such that \cp — cp (m)\ < Ak~ kTn ~ 2 . We consider the 

poles of the resolvent (P^ n \H (x (n) (^)) - k^P^)' 1 in and denote them by tp%], 
j = l,...,M m . As before, the resolvent has a block structure. The number of blocks 
clearly cannot exceed the number of elements in Q(r n ), i.e. k 4r ". Using the estimates 
for the number of poles for each block, the estimate being provided by Lemma 17.111 Part 
1, we can roughly estimate the number of poles of the resolvent by / c 4r ™+ r ™-i. Next, let 
0^ ? +1 ' ) be the disc of the radius k~ r ' n around (p^j- 

Definition 7.13. The set 

0^ = U mj Ott 1] (322) 
we call the n + 1-th resonant set. The set 

W (n+1) = W (n) y Q (n+1) (333) 

is called the n + 1-th non-resonant set. The set 

= W (n+i) n [ 0j 2vr ) (324) 

is called the n + 1-th real non-resonant set. 

The following statements can be proven in the same way as Lemmas I4.21[ 14.221 and 

EM 

Lemma 7.14. Let r' n > fir n > k Tn ~ 2 <Po(m) corresponds to an interval 

A™ containing 'Slip . LetH be one of the components W s ((p (m)) , U. 3 b ((po(m)) , W g (ip (m)), 
U 3 w (ip Q (m)) and P(LT) be the projection corresponding to IL Let also x G C : \x — 
x {n) {ip)\ < k- r '- k2jrn -\ Then, 

(P(n) (H(x{y)) - k 2l l) P(n)) -1 < A; 2 ^+^ 7v(n " 1) , (325) 

(P(n) {H(Z{y)) - k 2l i) P{U)y l \ < fc^+iK+r;^-^ (326) 

jy(n-i) corresponding to the color of II (N^'^ = I, k" frn ~ 1+150hfrn - 2 , jfeTTn-i/a+ftrn-i^ 
^7»*n-i/6-(5or n _i j Qr simple^ black, grey and white clusters, correspondingly) . 



8 Thcse inequalities follow from p02l) . 
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Proof. The lemma follows from Lemmas I7.11[ 17.121 and the definition of W^ 1 ). □ 
By total size of the set 0( n+1 > we mean the sum of the sizes of its connected components. 

Lemma 7.15. Let r' n > 10)r n; r n > k r ™- 2 . Then, the size of each connected compo- 
nent of 0(' t+1 ) is less than 32k 4rn ~ r ' n . The total size of Q( n+1 ) is less than k~ r ' n ^ 2 . 

Lemma 7.16. Let cp £ W^ n ^ and C n+ \ be the circle \z — k 2l \ = j € ~ 2r 'n k2 " irn ^ 1 _ Then 



7.3 Operator H^ n+l \ Perturbation Formulas 

Let P{r n ) be an orthogonal projector onto f2(r n ) := {m : ||[p m ||| < k r ' n } and _£/"( n+1 ) = 
P(r n )HP(r n ). We consider H^ n+1 \^ n \^)) as a perturbation of 

fjH = p(») H p(") + ^ P(rn ) _ pWj Fq) (327) 

where # = H(xW((p)), H = H (>c^(tp)), and Pj n) is the projection ?W, see ( 13151 . 
corresponding to <po(j) in the interval containing ip. Let 

^(n) = H (n+1) _ ft( n ) = p^ V P(r n ) - P^VP^, (328) 

gl n+1 \x) := ^^Tr I (V (n) {H {n) (x) - zI) _1 Y tfe, (329) 
27r?r Jc n+ i v ' 

GrW(x) := / (# (n) (x) - z/)- 1 (V (n) (# (n) (x) - ziy l Ydz, (330) 

2m Jc n+ i v y 

where C n+ i is the circle \z — k 2l \ = el^ +1 \ Sq 1 = / c - 2r n fc27rn_1 _ 

Recall that (3 := 21 — 2 — 41//5. The proof of the following statements is analogous to 
the one in Step III (see Theorem 15.11 Corollary I5.2[ Lemma [5.31 and Lemma [5. 5p . 

Theorem 7.17. Suppose k > k*, cp is in the real k~ r '«~ s -neighborhood of co^ n+1 \k,S,r) 
and x £ IR ; |x — x^((p)\ < e^ 1 ^ k~ 2l+1 ~ s , h = x(cos</>, sin<^). Then, there exists a 
single eigenvalue of H^ n+1 \x) in the interval s n+ i(k, 5, r) = (k 21 — e^ 1 ^, k 21 + £q™ +1 ^ . 
It is given by the absolutely converging series series: 

oo 

A(" +1 )(x) = A (n) (x) + J2d n+1) {Z)- (331) 



r=2 



For coefficients gi n+1 \x) the following estimates hold: 



^(x^Arf^"-™-^- 1 ). (332) 
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The corresponding spectral projection is given by the series: 

oo 

£(«+!) (x) = £(")(x) + G { ; L+1) (Z), (333) 

r=l 

£( n )(x) being the spectral projection of H^ n \ The operators G^ 1 (x) satisfy the esti- 
mates: 

HGf+^x)^ < jfe-^*""- 1 -^- 2 -^ (334) 

Gi n+1) (x) ss , = 0, when 2r F r - 1+15W7r - 2 + 3F- 1 < || \p s \\ | + || \p s , \\ \ . (335) 

Corollary 7.18. For the perturbed eigenvalue and its spectral projection the following 
estimates hold: 

.lRh r "-l- r n-2. 



A(" +1 )(x) = A^(x) + 2 (k-^- 1 '^- 2 -^ , (336) 

|| £(«+!)(£) _ £W(x)|| 1 < 2k-£> krn - 1 ~ rn - 2 -P. (337) 

|£ (n+1) (^)ss'| < k- di " +1) ^ s '\ when \\\p s \\\ > 4fc r "- 1 or \\\p s ,\\\ > 4k rn ~\ (338) 
^ +1 >(s,s') = + |||p s ,|||)A;-^-- 150 ^-/3 + 1/3^--^. 



Lemma 7.19. Under conditions of Theorem 7.11 the following estimates hold when <p G 
oj( n+l \k, 5) or its complex k~ r ' n ~ 5 neighborhood and x 6 C, |x— x( n )(<^)| < £Q n+1 ^£r 2i+1 ~ 5 . 

A^ +1 )(x) = + 2 ^-i^""- 1 """- 2 -^ , (339) 

JA <U +0,^-^™-^), M n _i := — ^pjy, (340) 

+ 2 (jH^ r "- 1 ~ r "- 2 -* + < +5 V (341) 



<9x <9x 

<9A (n+1) 



dip dip 

f)2\(n+l) Ffl\(n) / \ 

t=^W^"~^)> < 342 > 

f)2\(n+l) a2\(n) , . 

= IxW + ° 2 ( fc4 ^" 1 ""' 2 - /3+r " +5M «- 1 ) > ( 343 ) 

,Q2\(n+l) r)2\(n) , . 

= d_X_ + ^ ^.j^x-^-^v^ . (344) 

Corollary 7.20. All "02"-s on the right hand sides of f !339f) -( 13441) can be written as 

o x (fc-^""- 1 """- 2 ). 
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7.4 Isoenergetic Surface for Operator H( n+1 ^ 
The following statement is an analogue of Lemma 15.51 

Lemma 7.21. 1. For every A := k 21 , k > k*, and p> in the real ^k~ r ' n ~~ s -neighborhood 
of uj( n+1 \k, 5,t) , there is a unique x^ n+1 \\, p>) in the interval I n := [x^ n \\,p>) — 
4 n+1) fc- 2m ~ 5 , xW(A, <p) + e^ +1) k- 2l+1 - s ], such that 

A (n+1) ^(n+l)( A)(/p ^ = A) ^(n+l)( A; ^) ;= x ( ™ +1) (A, <^)z7(^) . (345) 

2. Furthermore, there exists an analytic in p> continuation of x^ n+1 \\, ip) to the com- 
plex ^k~ r "~ 5 -neighborhood of cu^ n+1 \k, S,r) such that A( n+1 )(x(" +1 )(A, ip)) = A. Func- 
tion x( n+1 \\, ip) can be represented as x^ n+l \\, <p) = x^ n \\, p)+h^ n+1 \\, p), where 

\h^ +1 \ V )\ = O l (k-^-l-r n -2^ 2l+l ^ ^ (346) 

^1 = 2 (k-^n-l-r n - 2 ^ 2l+1+ P n+S ^ ^ (347) 

,£)2/,(n+l) , . 

= 4 ^ k -^n-l-r n -^ 2l+1+2r > n+2S ^ (34g) 

Let us consider the set of points in M? given by the formula: x = >^ nJrl \p\ p G 
u^ n+1 \k,5,r). By Lemma 17.211 this set of points is a slight distortion of D n . All the 
points of this curve satisfy the equation A(" ,+1 - ) (x( n+1 )(y?)) = k 21 . We call it isoenergetic 
surface of the operator if ( n+1 ) and denote by D n+1 . 



8 Isoenergetic Sets. Generalized Eigenfunctions of H 
8.1 Construction of Limit-Isoenergetic Set 

At every step n we constructed a set 23 n (A), 23 n (A) C I> n _i(A) C Si, and a function 
x( ra )(A,z7), z7 G S n (A), with the following properties. The set D n {\) of vectors x = 
x( n )(A, z7)z7, z7 G 23 n (A), is a slightly distorted circle with holes, see FigJH FigfSJ formula 
(HU) and Lemmas I3TTT1 S31 ESS EH I7T2T1 For any x^(A, v) G D n (A) there is a single 
eigenvalue of H^{k^) equal to A and given by the perturbation series. Let ^(A) = 
D^Li 2>n(A). Since 23 n+ i C S n for every n, 2$ 00(A) is a unit circle with infinite number of 
holes, more and more holes of smaller and smaller size appearing at each step. 

Lemma 8.1. The length of'B^X) satisfies estimate §3\) with 74 = 37 fi5. 

Proof. Using Lemmas 13.11 (part 3), I3.19[ 14.221 15.231 and 17.151 and considering that 
r n » 375/i, we easily conclude that L (23 n ) = (2n + 0(/c~ 37/i5 )) , k = A 1 / 2 ' uniformly in 
n. Since !B n is a decreasing sequence of sets, ([8]) holds. □ 

Let us consider x oc (A, v) = lim^oo x^ n \\, z7), z7 G S^A). 
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Lemma 8.2. The limit Xoo(A,i?) exists for any v G 2$oo(A) and the following estimates 
hold: 

| Xoo ( A , V) - A 1/2 '| < cA^+i+^+e)^ 

|^oo(A, z?) - x«(A,z7)| < cA;- 2 ^"^- 4 ^ 485 , 

|xoo(A,z7) - x (n) (A, z/)| < 3/c _ ^ /3fc ' n ~ 1 ~ rn ~ 2 , n> 2. (349) 

Corollary 8.3. For every V G 23oo(A) estimate (TJ|) holds, where 
7s = (4/ - 1 - (80/i + 6)5) /2Z > 0. 

The lemma easily follows from the estimates flM}, ffl38|) . fl249|) . (13001) and fl3i6|) . 
Estimates flM]), (1T39D (12501) . (l30Tj) and f[34T|) justify convergence of the series J2n=i 

and hence, of the sequence ^f— -■ We denote the limit of this sequence by ^ 3S -. 

Lemma 8.4. The estimate ( TI31) with j n = (4/ - 1 - (120/i + 7)5)/ 21 > 0, /io/ds /or any 
^G ^^(A). 

We define £>oo(A) by ([7]). Clearly, Doo(A) is a slightly distorted circle of radius k with 
infinite number of holes. We can assign a tangent vector ^ 3S -P+ Xqo/7, \l — (— sin </?, cos 
to the curve D^A), this tangent vector being the limit of corresponding tangent vectors 
for curves T) n (X) at points ^ n \\, V) as n — > 00. 

Next we show that D 00(A) is an isoenergetic curve for H. Namely for every x G D oc (A) 
there is a generalized eigenfunction ^/^(x, x) such that Tl^*^ = A\I/oo- 

8.2 Generalized Eigenfunctions of H 

We show that for every x in a set 

Soo = Ua>a»I ) oo(A), K = kf, 
there is a solution \I/oo(x, x) of the equation for eigenfunctions: 

(-A) / ^ 00 (x, x) + V(x)*oo(x, x) = A 00 (x)^ 00 (x, £), (350) 
which can be represented in the form 

*oo(x,x) = e^(l + Moo (x,f)), || Moo (x,f))|| Loo(R2) = 0(|x|-^), (351) 

where «oo(x, x) is a quasi-periodic function, 71 = 21 — 1 — 45/i<5 > 0; the eigenvalue A^x) 
satisfies the asymptotic formula: 

Aoo(x) = \k\ 21 + 0(|x|~ 72 ), 72 = 2/ - (80/i + 6)5 > 0. (352) 
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We also show that the set Soo satisfies (jSJ). 

In fact, by (13491) . any x G Doo(A) belongs to the k~^ k n ~ 1 ™~ 2 -neighborhood of 
D n (A), n > 3. Let us consider spectral projectors E^ n \ each of them being defined in a 
finite dimensional space of sequences with indices in 0(r„_i), r := 5. We extend each of 
them to the whole space £ 2 (Z 4 ) by putting it to be zero into the orthogonal complement of 
£ 2 (Q(r n _i)). This way they all act in space £ 2 (Z 4 ). Applying the perturbation formulae 
proved in the previous sections (see Corollaries I3.4[ I4.2[ 15. 2\ \6.2\ 17. 18j) . we obtain the 
following inequalities: 

||£ (1) (x) - £ (x)|| 1 < cfc" 70 , 

||£ (2) (x) - Z {X) {Z)\\ X < ck- kSQ ~ 1+2 -i\ 7o := 2/ - 1 - 44/x5, (353) 
||£(")(x) - £(™- 1 )(x)|| 1 < 2k-^ krn - 2 ' rn - 3 -^ n > 3, 

|A«(x) - |x| 2 '| < c*^ 2 , |A^(x) - A«(x)| < cA- 2fc * Q ~ 1+4 -^, 
| A W(x) - A("- 1 )(x)| < 2 fc-^ fcr "- 2 ' r "- 3 -^ n > 3, ^ 
where A < - n+1 - ) (x) is the eigenvalue corresponding to £^ n+1 - ) (x), £o(><) corresponds to V = 0. 

Remark 8.5. We see from (3j^, that any x 6 2)oo(A) belongs to the k~^ l3k n_1 ™~ 2 - 
neighborhood of D„(A), n > 3. Applying perturbation formulae for n-th step, we easily 
obtain that there is an eigenvalue A^(x) of H^(h) satisfying the estimate A^(x) = 
A + <5„ ; <5 n = o(l) as n ^ oo, the eigenvalue A*- n )(x) freing given 61/ a perturbation series 
of the type $33 Hence, for every k e 2) 00(A) i/iere zs a Kmii: 

lim A (n) (x) = A. (355) 

n— ¥00 

Let v( n ) be a unit vector corresponding to the projection fi^^x), S^^x) = (•, v^)v^, 
v 00 — {t>g n ^} sgZ 4 e £ 2 (Z 4 ). By construction, Us = when s f2(r n _i). Let us consider 
the linear combination of exponents corresponding to this vector: 

s£S(r„_i) 



Lemma 8.6. Function \E f n (x, x), n > 4, satisfies the equation: 

(-A)^ n (x, £) + V(x)V n (x, x) = A n (x)^ n (x, f) + g n (Z, x), 
the vector g n of the Fourier coefficients of g n (x,x) satisfying the estimate: 

< k- kirn ~\ (356) 

Coefficients (g n ) s can differ from zero only when k rn ~ 1 < \\\p s \\\ < k rn - 1 + Q. Function 
g n (x, af) obeys the estimate: 

HflUUoortP) < k^ rn ~\ (357) 
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Proof. Let P(r n _i) be the projection in £ 2 (Z 4 ) on the subspace corresponding to 
Q,(r n -i). By construction, P(r n _i)v( n ) = v^ n ^ and 

HoY (n) + p( rn _ 1 )yp(r n _ 1 ) v W = A n (x)vW. 

Since V is a trigonometric polynomial, 

(/ - P(r n ^))VP(r n ^) = (I- P(r n ^))VP d (r n ^), 

where Pa(r n _i) mm = 1 only if m is in the Q-vicinity of the boundary. Using ( 1338 j) with 
n instead of n + 1, we obtain: ||Pg(r n _i)£^ n )|| < k~ k n_l( 7) and, hence, ||Pa(r n _i)v^ n - ) || < 
fc _ fc ^- 1 Ci-7)_ Therefore; ||(/_p( rn _ 1 ))yp( rn _ 1 ) v (n)|| < WVWk-^ 71 - 1 ^ . It follows that 

H(x)v^ = A n (x)v(") + g n , where ||g n |||2 (2 4) < ||K||£;- fcrn ~ l(1 ~ 7) . Note that elements (g n ) s 
are equal to zero when |||p s ||| < k Tn ~ x or |||p s ||| > k r "- 1 + Q. Therefore, (I356P holds. 
Estimate (135 7p follows. □ 

Lemma 8.7. Functions ^/ n (i<, x) satisfy the inequalities: 

W^i-Ml^) < ck~^ +2S , ||(-A)^ 1 -(-A)^o|U oo(R2 ) < ck~^ +25+2 \ * (5) = e ^>, 

(358) 

||(-A)^ 2 - (-A)^i|| Loo ( R 2) < cA; -^Q- 1 +^70-f(2 + 20r 1) 

||(-A)^ - (-A)^!!^) < ^nfk-^-^+^Dr^ j „ > 3 . 

Corollary 8.8. All functions \l/ n; n = 0,1,..., o&ey i/ie estimate H^nlU^R 2 ) < 1 + 
Ck~' yo+2S uniformly in n. 

Proof. Using f !353|) and considering that t>s are equal to zero when |||p s ||| > k rn - 1 , we 
obtain 

||v« - vWlhz*) < ||v( 2 ) - vW||, 1(z4) < cAr^^^n 

|| v (n) _ v (n-l)||^ 1(z4) < g^-i^-s-^+s^^ ^ > 3 

||PT (v« - v(°))|| |1(z4) < cAT^ 2 ', ||Po(v^ -v«)||, 1( , 4) < cfc-^+H^ajn , 
||# ( v («) - v^"^) lUi^) < ( 27r ) 2 'A;-^^ r "- 2 """- 3+ ( 2+2/ ^--' 3 , n > 3. 

(362) 

Now (JSSHD - dSHLlD easily follow. □ 
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Theorem 8.9. For every A > kf and x G D 00(A) the sequence of functions \I/ n (x, x) 
converges in L^M 2 ) and Wfj^R 2 ). The limit function ^^(x, x) := Hindoo \I/ n (x, x), 
is a quasi-periodic function: 

*oo(x,f) = ^(^oo) s e i< ^^, (363) 
sez 4 

where = {(t>oo)s}sez 4 £ ^(Z 4 ) and llv^U^^) = 1. The function Vt^x, x) satisfies 
the equation 

(-A)^oo(x, x) + V(x)*oo(x, x) = A^oo(x, x). (364) 
can 6e represented in the form 

^oo(x, x) = e i( ^ (1 + Uoo(x, x)) , (365) 

where Uoo(x,x) is a quasi-periodic function: 

00 

n DO (x, x) = ^ u n (x, x), (366) 

n=l 

n n (x,x) = £ (^)-^- 1 ))e i ^^, r :=5, (367) 

se!J(r„_i) 

functions u n satisfying the estimates: 

IMU^) < cfc"^ +25 , ||n 2 || Lco(R2) < c A ; - fe ^- 1 + 2 -^+2n ) (368) 

IKI|l»<*») < A;-^"- 2 " r "- 3 + 2 ^-S n> 3. (369) 

Corollary 8.10. Function Moo(x, x) ofreys tae estimate A351\) . 

Proof. Using fl36ip .( |362|) . we obtain that the sequence v( n ) has the limit in £ X (Z 4 ). We 
denote this limit by Vqo. Since, vectors v*™- 1 are normalized in £ 2 (Z 4 ), 

||voc||^(z4) = 1. (370) 

By ( 13601) . we obtain that \l/„(x, x) is a Cauchy sequence in /^(R 2 ) and W 2 2 ^ oc (M 2 ). 
Let ^^(x, x) = lim^oo \l/ n (x, x). This limit is defined pointwise uniformly in x and 
in W 2 2/ /oc (R 2 ). Noting also that limA n (x) = A, and taking into account Lemma [8761 we 
obtain that f l364"|) holds. 

Let us show that is a quasi-periodic function. Obviously, 

00 

^00 = ^0 + ^(tf„-tf„_i), 

71=1 

the series converging in Loo(R 2 ) by (I360p . Introducing u n := e~^ x, ^(\l/ n — \l/ n _i), we arrive 
at f l365|) . fl366|) . Note that u n has a form (136T|) Estimates fl368|) . fl369|) follow from fl358|) . 
0361. □ 
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Theorem 8.11. Formulae A350\) , \351\) and \35£\) hold for every x G Soo- The set Soo is 

Lebesgue measurable and satisfies (0|) with 73 = 37/i<5. 

Proof. By TheoremEHl fl350|) . f l35Tj) hold, where A^x) = A for x G Doo(A). Using ©, 
which is proven in Corollary 18. 3 \ with x^ = |x|, we easily obtain ( I352p . It remains to prove 
(EJ). Let us consider a small region t/ n (Ao) around an isoenergetic surface D ra (Ao), Ao > kf. 
Namely, U n (\o) = U,._. , (n+i)D n (A), k = A . By Theorem 17.171 the construction of 

the ra-th non- resonant set is stable in -neighborhood of Ao- Therefore, in fact, we 
can (and for the sake of convenience will) assume that the sets u/ n )(A) are chosen to 
be equal to u^(Xq) for |A — Ao| < £q . Thus, U n (Xo) is an open set (a distorted ring 
with holes) and \U n (X )\ = l^e^k^+^k (l + 0(£r 37 ^)). It easily follows from (EZD 
and ( BHD that u n+i C Definition of Doo(A ) yield: Doo(A ) = n^ =1 E/ n (A ). Hence, 
Soo = H^Sn, where 

S„ = U A>A ,D n (A), K = kl l . (371) 

Considering that U n+ i C [/„ for every A > A*, we obtain Sn+i C Sn- Hence, |Soo H B R | = 
lim n ^oo |S n H B R |. Calculating the volume of the region l^x t <x<R 2l U n (X), we easily con- 
clude \9 n n B R | = |B R | (l + 0(R- 37 ^ 5 )) uniformly in n. Thus, we have obtained ([6]) with 
73 = 37fi5. □ 

Theorem 8.12 (Bethe-Sommerfeld Conjecture). The spectrum of operator H contains a 
semi-axis. 

Proof. The theorem immediately follows from the fact that the equation (I364p has a 
bounded solution ^^(x, x) for every sufficiently large A. □ 

9 Proof of Absolute Continuity of the Spectrum 

The proof is somewhat analogous to that for the case limit-periodic potentials [28J. We 
will just refer to [28] in some places. 

9.1 Operators E n (5' n ), % C 3 n 

Let us consider the open sets Sn given by (I37ip . There is a family of eigenfunctions 
^/ n (x, x), x G Snj °f the operator H^ n \ which are described by the perturbation formulas 
( flT|) . ( fl5l) . Let, S n C Sn? where S n is Lebesgue measurable and bounded. Let 

K (9' n ) E = ±-J (F, ¥ B (*))¥ B (2)c« (372) 

for any F G C^°(1R 2 ), here and below (•, •) is the canonical scalar product in L2(R 2 ), i.e., 

(F,^ n (x))= / F(x)V n (2,x)dx. 
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We will show that E n (S' n ) is almost a projector in L 2 (M 2 ) in the sense: E n (S' n ) = E* (S„) 
En (S„) = (S„) +o(l), where o(l) is in the class of bounded operators as n — > oo. First 
we note that (13721) can be rewritten in the form: 



E n (5 f n ) = S n (9' n )T n (9' n ), (373) 



T n : L 2 (R 2 ) -> L 2 (S;) , S n : L 2 (S„) -> L 2 ( 



T n F = -L(F, * n (x)) for any F e ^(R 2 ), (374) 
T n F being in L OT (9£J, and, 

Snf = ^[ x)dx for any /Gl™ (9^). (375) 

Note that S n f G L 2 (R 2 ), since \l/ n is a finite combination of exponentials e l ^ + P' 1 ' x K 
Lemma 9.1. Let S' n be bounded and f(Jk\g{x) e (Sn)- Then, 

{Lg) L2&n) + °(l)||/|k ( g'j|b||L2(g;). ( 376 ) 

where o(l) goes to zero uniformly in f, g and S n as n — )■ oo; namely, |o(l)| < £T rn_3 , 
w/iere = inf^^ |£|. 

Corollary 9.2. The following relation holds: 

(S n f,S n g) L2m \ < (l + o(l)) ll/H^gy ll^ll^^ |S;|, (377) 
where \S' n \ is the Lebesgue measure of %' n . 

Corollary 9.3. T7ie operator S n is bounded and \\S n \\ = n ^oo 1 + o(l). 

Proof The function \l/ n (x, x) can be represented as a combination of plane waves: 

V n (2,x) = ^ ^(xjexp^x + p^x)}, (378) 

meZ 2 

where are Fourier coefficients. By construction, Dm'(x) = 0, when m ^ fi(r n _i). 

Let v^ n ^(x) be the vector in £ 2 (Z 2 ) with components equal to «m (i?). Note that the size 
of n(r n _i) depend on x = |x|; to stress this fact we will use here the notations fi(r n _ 1; x) 
and r n _x(x). The Fourier transform ty n is a combination of 5-functions: 

meZ 2 
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From this, we easily compute the Fourier transform of (S n f)(x): 

(S7)(S= E ^H-e-p m )/(-e-Pm)x(s^-e-p m ): 



m£2 



where x(5' n , •) is the characteristic function of 9^- Note that (— £ — Pm)x(9^, — £ — p m ) 
can differ from zero only when m e fi(r„_i, |£+p m |) C Q(r n _i, £**), = sup^g, |£|. By 
Parseval's identity, 

(Snfi S n g) i2 ( K 2) = ( S n f, S n g 



L 2 (R 2 ) 



/ E T m,mKO/(-f-Pm)^(-f-Pm0x(S^,-f-Pm)x(S^-«f-Pm')^ 
J R2 m.m' ' 2 

Note that, in fact, the summation here is over the finite set m, m' e fl(r n _i, £**). Hence 
we can exchange summation and integration in the above formula. Next, shifting the 
variable £ + p m — > £, denoting m' — m by m" and considering that (y( n \v( n ^) = 1, we 
obtain: 



L 2 



E / B m ^f(-^g(-£-p m ,,) X (5 n ,-£)x(Sni-£-P^ € (379) 



m"eZ 2 \{0} 



5 m «(0 = E ^(-O^UC-f- a^)- 



Obviously, 



5 r 



mez 2 



^v'l-O.vll-^v)}, (380) 
where vi™^ (— £ — p m ") the "shifted" eigenvector: v* 1 ^ (— £ — p m ») : ^vi™' 1 (— £*— p m ») 



,(n) 



!«(— ^ — p m "). To obtain (13 76 p . it is enough to prove two estimates: 



E ? up 

„_ 3 (60 fes; 



<r i/t-»-n-3(e.) 

2 ' 



„"lll>£* 



0<ll|p m »lll<€ 

To prove (1381 ft we first check that 



sup 

„_ 3 (€.) feS'n 



B m " (0 



2 ? * 



(381) 



(382) 



sup 



B m »{0 <\\\pm"\\\ when |||p m "|ll>£! 



r n -3«.) 



(383) 
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Indeed, for every m" we break Q' n into several parts, partition being dependent on m": 

Sn = U s s / =0 Sss', 



f e s; : |£>" l(lll) < -llbVIII < iM\ r ° m > n 



(384) 



where r_i := 0, r = 5, 7 S = 1 when s < n, 7„ = oo. To prove (I383p . it is enough to show 

sup |s m //(|)| < |||Pm»|ir 8 (385) 

for all s, s'. Assume s, s' = n. It follows from H384I) that for any m G Z 4 either Um (0 or 

«£+m«(f+Pm«) is zero. Hence, (vW(-|), v£ n) (-£-&,»)) = 0, i.e., £ m »(0 = 0. Next, 
let < s < ra, s' = n. By (I537|) . 

||vW(Q-vW(Q||<|^* r - l(lfl) . (386) 
It follows from the definition of S sn that (v^(|),v* (£ + p m ")) = 0. Therefore, 

»m _ V W^ || i < I - t ~ ; 1 • w h e n £ e g sn . (387) 



Bm«(0 <||v W (0-vW(0||<|eI HC>r - l(lel) 



Using (TTOTj) . (UBS} and fl302|) . we obtain S m «(|) < |||- 10r »(l^). Considering again 
the definition of 3 sn , we get ( 13851) . Next, we consider % n . By gBJ, v« = + 



Q^-a+i-HW^ where V W = By pu)^ ( v (°)(|),v( n )(C + p m ")> = 0. Hence, 

#m"(£) < c\£,\~ 2l+1+4AflS . Using again the definition of Son and the inequality 2/ - 
. — 44/j5 > 85, we obtain (I385p . The case s' < n is considered in the analogous way 



Thus, ( I385P is proved. Summarizing ( I385P over m", we obtain ( I38ip . 

Suppose < |||p m "||| < £,l n ~ 3 ^*\ Let us estimate -B m »(f). Assume for definiteness 
that |£ + p m "\ < |£|. The case of the opposite inequality is analogous up to the change of 
the notation £ — > £ + pl m », since -B m »(£) = -B_ m »(£ +p m ")- By 



# (n) (-0v (n) K~) = A w (-e> (n) (-9- 



(3* 



The analogous relation holds for v' n )(— £ — p m ») up to the replacement of H^ n \—^) by 
(-£-£„„) and AW(-I) by A^(-£ - p m „): 



^ (n) (-f-Pm»)v (n) (-e -Pm») = A w (-(-V')v (n) (-(-p m »)- (389) 
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Note that ^— £* — p m "^j up to the shift of indices by — m" is equivalent to the operator 

P m "H(—£)P m >r, where P m » is the projection onto the box of the size |^ + p m »| rn_l( -^ + ^ m "'- ) 
around — m". Using the shifted eigenvector vl™" 1 (— £ — p m "), we can rewrite (1389p in the 
form: 

Pm«ff (-QiVvW {-£- Pm") = A W (-£ - f> m „) (-f - p m »), (390) 

where P m »vl n) = vi n) . By (1356|) . 

F(-|)vW(-D = AW(-QvW(-D + (|e|-l^ r - l(lf1) ) . (391) 

Similarly, 

\< n H-z-i^W\-£-M + o^ (392) 

Assume first \£+p m »\ < Then |A( n )(-£) - \ {n) (-£ - p m »)\ > ||£| 2 '- Using (13801) . 
(139TD and (13921) . we obtain: 



£m" = 0(C«* J when|e + p m -|< gl^l- 



(393) 



Similar, but somewhat more subtle considerations are required when |£ + p m »\ > We 
start with introducing a parameter s. We will use it to cut f2(r n _x, |£|) to approximately 
the same size as fi(r n _i, |£ + p m »|). If the boxes are of approximately the same size, then 
s = n — 1. Indeed, for each £ one of the following relations holds: 

|||r.-i(|€l) < ||%^ m „|r»-i(ir+P m "l) < lU'-'dfl), (394) 

where 1 < s < n — 1 and s is defined by m" and £. Note that s < n — 1 when fl(r n _i, |£|) 
is essentially bigger than Q(r n _i, |£ +p m »|). Using the second inequality in (13941) and 
(13021) . we get 

\£+ p>r n - 3(lf+M < ^|H r - l(le " ,) . (395) 

8 

Let Pos be the projecting corresponding to 0(r s , |£|). By (133711 with s instead of n, 

(/ - P 0s )v (n) (-0 = O (|el-^ 4r - lCle1) ) . (396) 
Let us prove the analogous estimate for v^: 

(I-Pos)^\-£-M = O (|fl-fl* r - l(ia) ) . (397) 
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Indeed, if (Pos)mm = 0, then |||p m ||| > |^| rs - 1 d^). Using ( 13951) and the bound on |||p m »|||, 
we obtain |||p m+m »||| > ||H rs - l(l ^ ) . Using (j357jl . (1338|) . we obtain ( 1397]) . From ([39Tj) .( l392]) . 
considering that \\P 0s H\\ = O (\£\ 2lr - l ^A and using (13961) . (139TD . we get: 



# (s) (-£>o s vM(-e) = A^(-e)Po s v( n) K) + (ler 151 ^ 1 ) , (398) 

tf(s)(-£> 0sV W = AW(-e-A^)Po.vW(-e-&")+0 (ifT 1 ^" 1 ) • (399) 

Next, by Theorem EH] for step s, A< n )(-|) - A^ (-f-p'm") > 4'V 2 , where = 
||j-2r£_:i|£| 7 a ~ 2 _ Indeed, v^(— £) and v* (— <f — p m ») are almost orthogonal since they 
are concentrated around m = and m = m" 7^ respectively; thus A*- 71 ^— £ — p m ») 

must be outside of the interval described in Theorem EH1 while A^(-|) is inside twice 
shorter interval. Now, using (1398 j) and (I399p . we obtain: 

(Po s vW(-a,p 0s vW(-r-p mW )) = o (ifl- 1 ^ 1 ) ier-'^- 2 = o (if]- | * 1 * p "~ 1 ) , 

see (I302p . Using one more time (I396p . ( I397p . and considering ( I395p . we obtain £> m » = 
O \ J 101 the case |f +p m "| > Using this estimate together with (13931) 

and considering that the number of m" satisfying < ||[p m "||| < C,l n ~ 3 ^ does not exceed 
16£* rn we obtain ( 1382(1 . Substituting the estimates for B m ii into ( 1379(1 . we obtain 
( 13761) . 
□ 

It is easy to see that T n C S*. Therefore, ||T n || < 1 + o(l) and can be extended to the 
whole space L 2 (S n ). We still denote the extended operator by T n , T n = S*. Therefore, 
E n is a self-adjoint operator. 

Lemma 9.4. Let $' n C S" C S n . T/ie following relation holds as n — > 00: 

P„(S^)Pn(SD = P„(S^) + o(l), (400) 
where o(l) taken in the space of bounded operators and uniform in S' n , S„- 
Corollary 9.5. S n (S^)S n (S^) = K(S^) + o(l). 

This corollary is valid, since E n is selfajoint. 
Corollary 9.6. E 2 n (5' n ) = E n {%) + o(l) /or any g' n C S n . 
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Proof. Let I n (5' n ) be the projection from L 2 (S n ) to L 2 (S^)- It is easy to see that 
T n (9' n ) = I n (9' n )T n (^). Hence, T n (%)S n (^) = I n (%)T n {^)S n {%). By tf376]) for set 

T n (X)S n (9'n) = "TO + o(l), where id{%) is the identity in L 2 (Sn)- It immediately 
follows T n (S' n )S n ($") = In(S'n) + Substituting the last relation into the formula 

E n {%)E n {%) = S n {%)T n {9' n )S n (X)T n {%), we obtain (SODJ. □ 

Let 

9 n ,A = {xeS n :AW(x)<A}. (401) 
This set is Lebesgue measurable, since Sn is open and AW(x) is continuous on Sn- 
Lemma 9.7. |Sn,A+ £ \ Sh.aI < 27rA~ 1+ 7e when < e < 1. 

The proof is based on Lemma 17.211 and completely analogous to that of Lemma 2 in 
[28]. 

By (I372|). E n (S n ,A+e) - #n (S„,a) = E n (Sn,x+e \ 5n,x)- Let us obtain an estimate for 
this projection. 

Lemma 9.8. For any F e C£°(M 2 ) and < e < I, 

\\(E n (SnMe) ~ E n (5n,x))F\\ 2 L2{R2) < C{F)\- 1+ h, (402) 

where C(F) is uniform with respect to n and A. 

Proof. Let S' n = Sn,A+ e \ Sn,A- Using the definition f !3T3j) of E n and formula (I377P with 
f = g = T n F, we obtain 

\\En(5' n )F\\l 2m < (l + (l))||T n F||L (S M|S;|. (403) 



Using f)374p and Corollary 18.81 we easily get 1 1^-^11 1^(3;) < 2||F||x 1 ( R 2). Substituting this 
estimate into (I403P and using Lemma [9?7] we obtain (140 2p . 
□ 



9.2 Sets Soo and Soo,x 

By construction, Sn+i C Sn, Soo = fln^=i Sn- Therefore, the perturbation formulas for 
\( n \x) and ^(i?) hold in Soo for all n. Let 

Soo,A = {x G Soo : A oc (x)<A}. (404) 

The function Aoo(><) is a Lebesgue measurable function, since it is a limit of the sequence 
of measurable functions. Hence, the set Soo,a is measurable. 

Lemma 9.9. The measure of the symmetric difference of two sets Soo,a ond Sn,A converges 
to zero as n — >■ 00 uniformly in A in every bounded interval: 

lim |Soo,AASn,A| = 0. 
n— >oo 

The proof is completely analogous to the proof of Lemma 4 in [28] . 
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9.3 Projections E^So^a) 

In this section, we show that the operators E n (Soo,x) have a strong limit -Eoo(Soo,a) in 
L 2 (M 2 ) as n tends to infinity. The operator -Eoo(Soo,a) is a spectral projection of H. It 
can be represented in the form -Eoo(Soo,a) = S^T^, where and are strong limits 
of S n (Soo,x) an d T n (Soo,x), respectively. For any F G C^°(IR 2 ), we show: 



Eoo (9oo,a) F 



4tt 2 



(F,^ 00 (x))^ 00 (x,x)rfx, 



(405) 



HEoo (Soo,a) F 



4tt 2 



Aoo(x)(F, \l/ 00 (x))\l/ 00 (x,f) dx. 



(406) 



oo , A 



Using properties of (Soo, a), we prove absolute continuity of the branch of the spectrum 
corresponding to functions ^/^(x). 

We consider the sequence of operators S^Soo.a) which are given by (13751) with %' n = 

Soo, A- 



Lemma 9.10. We have 

IKSV^Soca) - S , n~l(Soo 1 A))/|li 3 CR2 ) < C||/I|l 2 (Soo,a)6 

Proof. Considering as in the proof of Lemma 19.11 we obtain 

2 

L 2 



1 t r n-2(€*) 
" 4 s* 



\\(S n — S n -l)f\\ L2 ( R2 j 



[ y)B m //®/(-|)/(-|'-^)x(9oo^-|)x(9oo,A,-|'-ftn«) dl 



(407) 



(40£ 



B m "(0 = 

T 

/ j V m m 

me fl (r n _ i , I £J ) : m+m" Sf2 (r n _ i , | £>p m // 1 ) 



1] ) H) 



(n-1) 

m+m" m+m' 



(-f-Pm")- 



Assume for definiteness that |£ + p m »| < If |||Pm"||| > 2|£| rn - l(l5l) , then -B m »(£) = 0. 
Let £ : |||j9 m "|ll — 2|£| r ™ -1 ^. Using ( 13 3 7ft with n instead of n + 1, we easily obtain: 



£ m »(o = ofirr l ^ rn - 2(,fl, )oiK+p r 



|-||+? m //|' r "- 2(lf,+? m"l) 



(409) 



Considering (13021) with n — 1 instead of and n and taking into account that |||p* m "||| < 
2|^«-i([H) ) we eas iiy ge t: 



B m -(e) =iibm»nr 8 o [c 



; 2 r n-2(e*) 
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Summarizing the last estimate for m" 7^ and using ( I409[) for m" = 0, we arrive at (I407p . 
□ 

By (I407p . the sequence of operators S^Soo.a) is a Cauchy sequence in the space of 
bounded operators. We denote its limit by ^(Soo.a)- Note that the convergence of 
S n (9oo,x) to S'ooCSoo.a) is uniform in A when A > A*. 

Lemma 9.11. The operator S , 00 (Sdo,a) can be described by the formula 

(Soof)(x) = ^l /(*)*«,(*, z)d>* (410) 

** Soo, A 

for any f G (3oo,x)- 

Proof. From Theorem 18.91 it follows that for every / G (Soo, a) 



lim 



n— >oo 1 q 

Ooo,X 



/ f(2)* n (x,x)dx= / f{H)^^{H,x)d>c (411) 



for all x. Hence, (I410p holds. □ 

Now we consider the sequence of operators T n (Soo,x) which are given by (I374p and 
act from L 2 (K 2 ) to L 2 (3oo,x)- Since, T n = S*, the sequence has a limit in the class 
of bounded operators, = S^. Note that the convergence of T n (Soo,x) to T 0O (9 O o,a) is 
uniform in A when A > A*. 

Lemma 9.12. The operator T oc (Soo,a) can be described by the formula ^(Soo.a)-^ 1 = 
^(F^^x)) for any F eC™{W?). ' 

Proof. The lemma easily follows from Theorem 18.91 and formula f)374p . □ 

Lemma 9.13. Operators E n (Soo,x) have a limit ^oo(Soo,a) i n the class of bounded oper- 
ators in /^(M 2 ), the convergence being uniform for A > A*. The operator -Eoo(Soo,a) is a 
projection. For any F G C^°(IR 2 ) it is given by ft405ty . 

Proof. The lemma immediately follows from convergence of sequences S n , T n and 
Lemmas [931 EZH EU □ 

Lemma 9.14. There is a strong limit .E'oo(Soo) °f the projections -Eoo(Soo,a) A goes to 
infinity. 

Corollary 9.15. The operator -Eoo(S 00) is a projection. 

Proof. It can be easily seen from (I405p that the sequence of -Eoo(Soo,a) is monotonuos 
in A. It is well known that a monotone sequence of projectors has a limit. □ 

The proofs of the next two lemmas are completely analogous to the proofs of Lemmas 
10, 11 in [28]. 
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Lemma 9.16. Projections -Eoo(Soo.a); A G M, and i?oo(Soo) reduce the operator H . 

Lemma 9.17. The family of projections -E'oo(Soo,a) is the resolution of the identity of the 
operator HE^Qoo) acting in E 00 ($ 00 )L 2 (M 2 ). 

Lemma 9.18. Formula (14061) holds, when F G Q°(R 2 ). 

Proof. By the previous lemma, E ro (9oo,a) F G D(H). It is easy to see that the r.h.s. 
of (14051) can be differentiated with respect to x under the integral sign. Now, considering 
(JHD, we get QUID . 
□ 

9.4 Proof of Absolute Continuity 

Now we show that the branch of spectrum (semi-axis) corresponding to Soo is absolutely 
continuous. 

Theorem 9.19. For any F G C£°(M 2 ) and < e < I, 

K^ooOocA+e)^^) " OMSoo.a)^)! < CpX^+TS. (412) 

Corollary 9.20. The spectrum of the operator HEoo(Soo) is absolutely continuous. 
Proof. By formula (14051) . 

| (£oo(Soo,A +£ )^ F) - (E(Soo,x)F, F)\<C F \3oo,X+e \ Soo,a| • 

Applying Lemmas 19.71 and 19.91 we immediately get (141 2D . 
□ 

10 Appendices 

10.1 Appendix 1. Proof of Lemma [3712] 

Proof. 

1. The case p m > 4k. From ( ITUl) it immediately follows that IQ^ml > (cosh) _1 2 > 1. 
Hence, W n O m (k,r) = 0. 

Further we use the Taylor series for \k((p) + p m |jR — k 2 near its zeros: Noting that 
\k(<p) + Pm|» - k 2 = 2kp m cos(v? - v? m ) + P 2 m (413) 
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and recalling that v?m are the solutions of \k(<p) + p m |jR = k 2 , we see: 



Expanding (I413j) around , we get: 



sin(<^ m - V 



1 - 



Ak 2 



(414) 



\k{v)+Pm\l -k 2 = 

- 2kp m sin(^ - <^ m )r m (l + O(r^)) + kp m cos(y>± - ^ m )r^ (l + 0(r 2 m )) 



where r m 
2. In the second case we put r r 



rfc _l_40^ 





D 2 




1 

4k 7 



(415) 



1 + o(l)) when k' 1 ' 39 ^ 5 < p m < 



4k and 



1 _ £k 

1 4fc 2 



> rk 2 4 ° M<5 . Substituting r m into (I415p . we get that the modulus 
of the first term is 2rA;~ 4 ° M<5 (l+o(l)) and that of the second term is 1 y L - ^-^-(l+o(l)). 





D 2 




2 








4fc 2 





Using the condition 
least twice greater than the 



1 _ Em. 

- 1 4fc 2 



> rk 2 40At5 , one can easily see that the former is at 
atter. Thus, we get 



\k((p)+p r 



> T 



k -40»S when 



(416) 



Now, the maximum principle yield that this inequality holds everywhere outside the 
discs U ±ijeZ ($± + 2vrj). Hence, m C U ±iieZ ($± + 2ixj). 



3. In the third case we put r m = 32r£r 1 - 20 ' t ' 5 (l + o(l)) and 1 - fp < tAt 2 - 40 ^ 5 . This 

time the modulus of the second term in (I415P is 64 • 32r 2 fc _4 ° M<5 (1 + o(l)) and that 
of the first is smaller than 128r 3 / 2 A;- 40 ^' 5 (l + o(l)). Therefore we again have (I416P 
and m C U ±)ieZ ($± +2ttj). 



10.2 Appendix 2. Proof of Lemma [37T3] 

Proof. The proof is by contradiction. By definition of M2, J > 1. Suppose J > 4. We 
arrive to contradiction in several steps. 

1. By definition of M'(^ ), <p Q e n/ =0 O mj (A;, 1). This means: 



- A; 2 



< k~ m ^ 5 , j = 0,...J 
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It follows: 

2 (k{ip) + p mo , p q , ) + p\. | < ck~^ & , q, = m, - m , j = 1, ...J, (417) 

where |||.PqJ|| < jA;* 5 . In this part of the proof we show that no two vectors p qj , 
j = 1, 2, 3, 4 are colinear. Indeed, suppose p qi and colinear. Let V be a unit 

vector in the direction of p m . Then the directional vector of p q2 is ±z7, where ± 
means + or — . Inequality (14171) together with the estimate (12"8"1) for p^. yields: 

2{k(<p) +p mo ,u) + Pm = 0(k~^ 5 ), ±2(k( l p)+p mo ,P)+p (l2 = 0(k- 39 » 5 ). 
Hence, 

PqiTPq2 = 0(r 3 ^). (418) 

Note that || |p qi T-Pq 2 || I < 8^ 5 - Therefore, p qiTq2 > ck~^ s . Considering that p qiTq2 = 
\Pcn TPq 2 |) we arrive to contradiction with (I418p . Hence, no two vectors p qj , j = 
1, 2, 3, 4 are colinear. 

2. We represent every p^. in the form: p^./2-n = Sj + as'j, Sj,s'j G Z 2 , \sj\, |s'-| < 8k s . 
Let us show that 

[ Sl ,si] ^ when J > 1, (419) 

[a, b] = ai& 2 — 02&i. Indeed, suppose that [si,S]] = 0. Then, Si,s[ are colinear 
integer vectors. Hence, there are integers n,m and an integer vector s'/, such that 
S! = ns" and = ms", < \n\ + \m\ < 8k s . Therefore, p qi /27r = (n + am)s' 1 / . 
Hence, [p q i,p q2 ](27r)~ 2 = (n + am) ([s'/,s 2 ] + a[s",s 2 ]) . It follows from f!417p that 
the angle (modulo ir) between p qi ,p q2 is less than (p qi + p qa )k~' L . Hence, 

\^M = 0(k- 1 ^). (420) 

Therefore, 

n + am = 0(£T 1/2+3<5/2 ) or [s'(, s 2 ] + aft', s 2 ] = 0(AT 1/2+3<5/2 ). (421) 

The first relation is impossible since (with the same proof as for (1281) ) \n + coti| > 
8C £ £;~ ( ^ 1+e)<5 for any e > and (2/i + 3)5 < 1. Similarly, the second relation fl42Tj) 
is possible if and only if [s", s 2 ] = [s", s 2 ] = 0. Therefore p q2 is colinear to s", i.e. to 
p m . This means p qi ,p q2 are colinear. It cannot be the case, as we proved before. 
Thus, we have arrived to (14191) . 

3. Let us consider (14201) . Substituting p qj . = Sj + as'j, j = 1,2, we obtain: 

ni + apt + c?m x = 0(k~ 1+3S ), (422) 

where ni,pi,mi are integers, m = [si,s 2 ], pi = [si,s 2 ] + [s' 1 ,s 2 ], m 1 = [s'^sfj]. 
Obviously, nx,pi,mi = 0{k 2S ). Note that n\ +p\ +m\ ^ 0, since otherwise vectors 
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p qi ,p q2 are colinear. Next, mi 7^ 0, since otherwise 0(k 1+35 ) > c(e)k 2( - M 1+ ^ 5 for 
any e > 0. This cannot be true for our choice of S. 

Suppose there is another triple (n 2 ,p 2 ,m 2 ), < n 2 + p\ + m 2 < 10 3 fc 4<5 , such that 
(H22)l holds. Namely, 

n 2 + ap 2 + a 2 m 2 = 0(k~ l+3S ). (423) 

The goal of this part is to show that such (n 2 ,p 2 ,m 2 ) is, in fact, a multiple of 
(ni,pi,mi). Indeed, m2 7^ for the same reason as mi 7^ 0. Excluding a 2 from 
(14251) and (13231) . we get 

(nim 2 — n 2 mi) + a(pim 2 — P2 m \) — 0(k~ 1+5S ). 

It follows that pim 2 — p 2 mi = 0, nim 2 — n 2 m! = 0, since otherwise 0(k~ 1+5S ) > 
c(e)/c _4 ^ _1+e ^ for any e > 0. Thus, (n 2 ,p 2 ,m 2 ) is colinear to (ni,pi,mi) and 
(n 2 ,p 2 ,m 2 ) = -(ni,pi, mi), where r, s are integers, s ^ and r,s = 0(k 2S ). 

4. In this part we show that 

r t 

Pq 3 = -Pq 2 + -Pen, (424) 

where s, r, t are nonzero integers, s,r,t = 0(k 3S ). Indeed, let us consider the relation 
[PquPqs] — 0(k~ 1+3S ). This relation follows from (141 7\i the same way as ( 14201) . 
Substituting p qj = Sj + as'j, j = 1, 3, we obtain: 

n 2 + ap 2 + a 2 m 2 = 0(k~ 1+3S ), (425) 

where n 2 ,p 2 ,m 2 are integers, n 2 = [si,s 3 ], p 2 = [si,s' 3 ] + [si,s 3 ], m 2 = [s[,s 3 ]. Note 
that n 2 + p\ + m 2 7^ 0, since otherwise vectors p qi ,p q3 are colinear. Therefore, by 

part 3, (n 2 ,p 2 ,m 2 ) = -(ni, pi, mi), where r, s are integers, s,r 7^ 0, s,r = 0(/c 2(S ). 
This yields: 

s[si,s 3 ] = r[si,s 2 ], (426) 

s ([ Sl , s 3 ] + [si, s 3 ]) = r ([si, s 2 ] + [si, s 2 ]) , (427) 

S [si,s 3 ]=r[si,s' 2 ]. (428) 

Note that |si|, |si| 7^ 0, since [si,si] 7^ by part 2. It follows from (T426|) and (14128]) 
that ss 3 — rs 2 is colinear to Si and ss' 3 — rs' 2 is colinear to si. Hence 

ss 3 = rs 2 + tsi, ss' 3 = rs' 2 + t's[, (429) 

t,t' being rational numbers. Substituting these expressions for ss 3 , ss' 3 into (I427P 
and simplifying, we obtain (t — i')[si,Si] = 0. Considering that [si,Si] 7^ yields 
t = t'. It easily follows from ( 14291) that t&i is an integer vector and tsi = 0(k 3S ) . 
Hence, t is a rational number and the denominator of t is less than |si|, i.e. it is 
0(k s ). Multiplying both sides of (14291) by the denominator of t, we rewrite (j429| 
with all integers r,s,t such that r,s,t = 0{k 35 ). We already showed that s,r^0. 
Note that t 7^ too, since otherwise p q3 and p q2 are colinear. 
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5. In this part by the way of contradiction we show that p q4 does not exist. Indeed, 
suppose it does. Excluding (& + p mo ,p qi ) an d (k + p mo ,Pq 2 ) from relations (14171) for 
Pea, Pq 2 and Pq 3 = iPq 2 + fpqi > we obtain: 

(; - + 2p " p< 4; + p «; (; - = °^ 4M+M >- < 430 > 

Considering as in Part 4, we obtain p q4 = |j9 q2 + ~p qi and 

A| (I " l) + *W*~ J (J " l) = 0(*-*« s ). (431) 

(a) Assume first (t — s) 2 + s) 2 ^ 0. We multiply both parts of (143 Op by s 2 and 
both parts of (143 ip by s 2 . Excluding the terms containing p 2 from the last 
two relations and using the estimates s, s, r, f,t,t= 0(k 35 ), we obtain: 

PqiPq2 5 = J R^ 2 +0(A;-W M ), 

where 

S = 2tft{t - s) - 2trt{t -s), S = 0(k 12S ). 
R = tr(i - s)(r - s) - tr(t - s)(f - s), R = 0(k 125 ). 
It follows Pni S -Pd 2 R = Oik- 39 ^ 155 ). 

i. Suppose R 2 + S 2 ^ 0. Considering that the angle (modulo 7r) between 
p qi and p 92 is less than k~ 1+s and (T2"gj) for p q2 , we obtain |jo qi 5" ±p q2 i?| = 
0(fc~ 39/i,5+15<5 ), where ± means + or — . The last relation yields ps qi ±.R q2 = 
0(k~ 39fl5+155 ). However, it follows from estimates for S and R that we 
have |||p5 qi ±i?q 2 ||| < ck 135 . Hence, by (J2E5 P5 qi ±R q2 > ck~ l35fl . We have 
arrived to the contradiction. 

ii. Now we check the case R 2 + S 2 = 0. It was shown in Part 4 that 
s, s, t, t,r,r 7^ 0. The equation S = yields 

r(t-s)=r(i-s), (432) 

both parts are nonzero by the assumption (t — s) 2 + (t — s) 2 ^ 0. Next, 
R = yields 

t(r - s) = t(r - s). (433) 

Let us consider (I432p . (14331) as a linear system with respect to s, s. If the 
determinant of this system ft — rt is zero, then it follows r/f = t/t = s/s. 
This means that p q3 and p q4 are equal. This contradicts to our initial 
assumption. Suppose that the determinant is not zero. Solving (14321) . 
(I433P with respect to s and s, we get: s = t + r,s = t + f. Substituting 
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s = t + r into ( I430D . we easily obtain: g (p qi - p^f = O(£;- 40 ^ +35 ). 
Considering that s 2 = 0(k 6S ) and the angle (modulo 7r) between p qi ,p q2 
is 0(/c _1+ ' 5 ), we obtain \p m ±p q2 | = O(/;; _20m<5+5 ' 5 ), where ± means + or 
-. Obviously, p qi - q2 = \p m -p q2 |- Hence, p qi _ q2 = O(k~ 20flS+55 ). This 
cannot be the case, because |||p qi - q2 ||| < 3k s and thus, |p qi - q2 | > ck~^ 5 . 

(b) It remains to consider the case (t — s) 2 + (i — s) 2 = 0. If (r — s) 2 + (f — s) 2 7^ 0, 
we exclude p q2 from (14301) . (143 ip by and make considerations similar to the 
case (t - s) 2 + (i - s) 2 ^ 0. If (t - s) 2 + (t - s) 2 + (r - s) 2 + (f - s) 2 = 0, then 
(14301) . (14311 give: p qi p q2 = O(£r 40 ^ +3<5 ). It contradict to the inequalities (EE} 
for p qi ,p q2 . Thus, p q4 does not exist. 



10.3 Appendix 3 
Lemma 10.1. The equation 

A (1) (x (1) (^)+p m ) =k 2l + e , 0< Pm <4k s , \e \ < p m k s , (434) 

has no more than two solutions ^(sq) in W^(k, ^)nO m (k, |). They satisfy the estimates: 

\vHeo)-^\<k- 2l+1+2S . 

Proof. Let ip E W (1) (A;, |) n O m (fc, ±). The equation dIMj) is equivalent to 

We use perturbation formula ( 1391) : 



where /i is the series in the right-hand side of (1391) . This equation can be rewritten as 

(435) 

Using the notation p m = p m (cos ip m) sin <p m ), dividing both sides of the equation (143 5 p by 
2p m k([\y(if)\ll~ 2 + .... + \y((p) - p m \u~ 2 ^ and considering that y(cp) = x (1) (<^) + p m = 
(k + hP->)v + p m , we obtain: 

cos(v? - ip m ) + -^~ 6 o9i{v) + 92{v) + gM = 0, (436) 
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where g x {ip) = (2p m k) 1 (\y(<p)\* 2 + .... + \y(tp) -p m |2 2 ) and 

Obviously g± = (p^k~ 2l+1 ) . Using Lemma [3.111 and considering that < p m < 4k s , 
we easily obtain: 



\92(<P)\ 



p m k 



Let us show g${(p) = 0(k~ 2l+1+8 ). If p m > k^ 2l+s{ - SQ ^ +& \ then the estimate easily follows 
from f j45l) and the estimate for g\. Let p m < /;;~ 2/ + 5 ( 80 ^+ 6 ). it can be easily shown that 
the series fi(y), V/i(i/) converge for all y: |y — ic^(v)|c a < / c - 1 - 5 ( 40 ^+ 1 ) an( j holomorphic 
with respect to y\, y 2 . Using ( 1451) . we get Vfi(y) = k~ 2l+1+5{ > 12 ^ +7 \ Hence, 

\fi(y(<p)) ~ hiMfp) ~Pm)| < sup |V/i|p m = o(p m ), 

and therefore, gz(<p) = 0(k~ 2l+1+s ). Since |e | < p m k 5 , we obtain e gi((p) = 0(k~ 2l+1+s ). 
Thus, 

g 2 (<p) + g 3 (<p) - e o9l (<p) = 0(kr 2l+1+s ) when (p E W^\k, i) fl m (k, ^). (437) 

By definition satisfy the equation cos(<£> — y? m ) H — T"— 0- 

Suppose both ip^ are in WW(fc, g). We draw two circles C± centered at y?^ with 
the radius k~ 2l+l+2S . They are both inside W^(k, \) fl O m (k, |), the perturbation series 
converging and the estimate (14371) holds. For any ip on C±, \(p — ip^\ = k~ 2l+l+2S and, 
therefore, | cos(y2 - y?m) + If I > \k~ 2l+1+2S > \g 2 (<p) + g 3 (<p) - e gi((p)\ for any y? G C±. 
By Rouche's Theorem, there is only one solution of the equation (143 6 j) inside each C±. 
Obviously, (143 6 p does not have solutions in W^(/c, |) fl m (A;, |) outside C±. 

If both y2± are not in W^(k, ^), then their distance to W^(k, §) is at least ^fc" 40 ^, 
hence | cos(y? — ip m ) + > I/ i ;- 2i + 1 + 2 ' 5 i n WW(^, |). Therefore, equation (14361) has no 
solution in W^Jfe, §) n m (k, §). The case, when only one y?^ is not in W^(k, ^) is the 
obvious combination of the two previous situations. Thus, there are at most two solutions 
in WW(fe, i) n m (A;, |) and |^±(eo) - <pt)\ < k- 2l+1+2S . □ 



Lemma 10.2. For any ip E WW(fc, 4) D m (/c, 1) satisfying the estimate v 3- < ^ 



5 



^X^(^ 1 \^)+p in ) = ±2lp m k 21 - 1 (l + o(l)), (438) 
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Proof. First, assume ip is real. Let y(<p) = x^^y?) + p m . Using the perturbation 
formula (|39|) and Lemma |3.11[ we obtain: 

±W(M) = jjj - ^] = £ [A W (ifoO) " A«Wfp) - &)] = 

(V|y»|^ - V|jfo>) - (* + h^)t + (hM)'v) + 

(V/i (ifo>)) - V/i (jftp) - p m ) , (* + + (^ (1) )'^) R , (439) 

where z7 = (cos y, sin y) and t = V = (— siny, cosy), /i is the series in the right-hand 
side of (EH}. Note that 

V I^H|r - V |^)-Pm|K = 
2/|^)|k~V(v?) - 2Z|y(y>) -p m |^" 2 (y(y) -p m ) = 

2/|^)|rVm + 2/(|y»|^" 2 - |jfo>) -fin\Z- 2 )(m -Pm)- (440) 

Substituting Mj) into fT439|) . we get ^A (1) (y(y?)) = T\ + T 2 + T 3 , 



T, 



T 3 = (V/ x (^)) - VA(^) -p m ),(k + h^)t+ (h^Yu) R . 

We see that ip is close to (p m ± tt/2, since \<p — ip m \ < fc -5 by the hypothesis of the lemma 
and (p m = ip m ± 7r/2 + 0{k~ 1+s ) when p m < 4k 5 . Now we readily obtain: (p m , z7) R = 
o(p m ), (Prnj^jM — iPm(l + Using also estimates (ESJ), (155]) for /i^, we get Ti = 

±2lp m k 2l ~ 1 (l + o(l)). Note that y((p) — p m = x^(^>) and, hence, it is orthogonal to r (</?). 
Using this fact, we simplify the expression for T 2 : 

T 2 = (Jf(y)|^ 2 - I^T(^) — p m |^~ 2 ) (y(ip) -p m , (/i (1) )V) R - 

Using fl66l) for (h^)', we obtain T 2 = o(p m A; 2J_1 ). Let us estimate T 3 . It can be eas- 
ily shown that the series fi(y), V/i(y), D 2 fi(y) converge for all y: |y — Xi(y)|c2 < 
^.-i-5(4Q/i+i) or jy* -)_ p m — Xi(y)|c2 < fc- 1- ^ 40 ^ 1 ) ? the series being holomorphic with re- 
spect to y 2 in these neighborhoods. Using (J15]l . we get Vfi(y) = k~ 2l+1+5 ^ 120Mj+ '\ 
D 2 fi(y) = k- 2l+2+5 ^ m ^) . Let p m > ijfe-i-«(«/*+i)_ T h en , using the estimate for V/i(y), 
we easily obtain T 3 = fc-2J+2+«(i2°/*+*3 = o(k 2l - l p m ). Let p m < ljfe-i-«(4o*H-i). Theri; 



using the estimate for the second derivative in the direction of p m , we get 



v/i(jfaO)- 
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Vfi(y(tp)-p m ) = 0( Pm k- 2l+2+ ( im ^ 5 ). Therefore, T 3 = O (p m k~ 2l+3+ ( W0 ^ s ) . Thus, 

T 3 = o(fc 2i_1 p m ) for all p m . Adding the estimates for Ti, T 2 ,T 3 , we get (1438 p . 

Since all formulas can be analytically extended to the area of non-real (p, the estimates 
being preserved, (l4"3"g|) holds for any y? e W (1) (/c, |) n O m (fc, 1). □ 

Lemma 10.3. Lei 0± £ 6e t/ie open discs of the radius e centered at y9 ± (0). For any 
<p e WW(jfe, |) n O m (fc, k £ 0± e , and < e < £- 2 '+ 1+5 ; 



|A«(y»)-A; 2i |>^-V r 



(441) 



Proo/. Suppose ( H3IJ) does not hold for some <p e WW(fc, §) n O m (As, |), £ 6± £ . 
This means that <p satisfies equation (I434p with some e : \e \ < k 2l ~ l p m e (< p m k 5 ). By 
Lemma fl . 1 1 , p> could be either (p + (e ) or yj - (e ). Without loss of generality, assume 



p + (e ). By Lemma 110.11 \(p + (e ) 



< jfc 



-2Z+1+25 



for y?+ or ip m . Obviously, 



nejghborhooci Q f <£>+(e ) satisfies conditions of Lemma 110.21 Using (143 8 j) and 
Rouche's theorem in the A;~ 2 ' +1+25 -neighborhood of (/? + (£o)> we obtain that there is a point 
</? + (0) in this neighborhood and \<p + (e ) —ip + (0)\ < e, i.e., ip G O me . This contradicts 
the hypothesis of the lemma. □ 



Lemma 10.4. If < p m < 4k 5 and <p e W (1) (fc, |) n O m (fc, *), ^ 



en 



(A«(y»)-A; 2/ )(P m (iJ(x«(v.))-A; 2i )P m )" 1 < 8, jfa,) := x« (p) + p m . (442) 



Proof. Let Ci be the circle in C of the radius k 21 1 80/1,5 centered at z 
d22J and dS3D, we easily get: 



2/(v)Ik- Using 



2/ 



> ^k 21 - 1 - 40 " 6 , when qefl((J), zeCi. 



Therefore, 



(P m {H Q {K^{ V ))- Z )P m ) ' 

(p m (H (z {i \p))-z)p m y 



< 2^-2«+l+40At<5 

< 2£r 2m+405(/1+1) 



Next, by (|89|). 

P m (H(^(ip))-z)P a 



det 



P m (P !0 (x( 1 )(^))-z)P n 



< 2||y| 



(P m (P ! 0(x (1) (^))-^) J Pm) 



(443) 
(444) 

(445) 



for every z on the contour C\. Using the estimate (|444p . we obtain that the right- 
hand part of (1445 p is less than 1. Applying Rouche's theorem, we conclude that the 
determinant has the same number of zeros and poles inside C\. Considering that the 
resolvent (P m (-P (^ 1 ' l (v 9 )) — z )Pm) has a single pole, z = \y{ ( p)\^, we obtain that 
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(P m (i?(xW (<£>)) — z)P m ) 1 has a single pole inside C\ too. Obviously, the pole is in the 
point z = X^\y(<f)). Therefore 

(A«(jfoO) - z) (P m (H(^(<p)) - ^PJ" 1 

is a holomorphic function of z inside C\. 

Let z G Ci. Using (SSD , we easily obtain: |A (1) (?/(^)) - z| < 2A; 2i - 1 - 40 ^' 5 . From 
and Hilbert identity it follows that 



(P m (#(x (1) (y?)) - z)P m ) 1 < 4AT 2m+40 ^, when z G 
Multiplying the last two estimates, and using maximum principle we get 

{\ { - l \y( V ))-z){P m (H(x { - l \ V ))-z)P m y l <8, zeh&Cx. 



(446) 



(447) 



Note that z := k 21 G IntCi. Indeed, by ([92]), ||jT(^)g - k 2l \ < k 2l ~ 2 ~^ s . Substituting 
z = k 21 in the last estimate, we get 



□ 



10.4 Appendix 4 



Lemma 10.5. Let R be the smallest positive integer for which (1231!) holds. We have 

64 

Proof. Notice that 



ii,...,i R =0 



IR ■ 



where 



A,-, „ := P {mt) W(H - k 



2l\-l 



f\{p k w{H Q -k 2 r i ) 

fc=i 



p 9 . 



Here we used that R is the smallest positive integer for which Ar ^ 0. 

In some sense everything is defined by the case where all z& are equal to zero. But 
to include impurities of non-resonant and white clusters we need additional construction. 
Consider a particular Ai u _ t i R . For the sequence . . . ,ir we take a subsequence of all 
non-zero indices i^, ■ ■ ■ , h s , 1 < k\ < ■ ■ ■ < k s < R (this sequence can be empty). Now 
we construct a subsequence ji,---,j p {p < s) of non-repeating indices as follows. We 
choose ji = ifa. If hi is not equal to any other i kt , t — 2, . . . , s, then j 2 = h 2 . If there is 
one or more equal to then we denote the segment between the first and the last i^ 
as I\. The next term after p we choose to be an j 2 etc. Thus (with a slight abuse of the 
notation) we have 

hi, ■■■,hs = ---Jp, P < s. 
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Now, the initial sequence i±, . . . , %r can be represented as 1°, Ii, 7°, h, ■ ■ ■ , Ip, Ip+x- Here 
each Ij is a sequence of only zeros (it can be empty) and Ij is Ij with possibly some zeros 
inside. Put 



P n BP h := P n W(H - k^Pi'WiHo - k ) ...(H - k ) P h . 

Here for all internal projectors Py we have either i' e I\ or i' = 0. We notice that Pj 1 BPj 1 
has a block form and \\Pj 1 BPj 1 \\ < k~^ . We can represent now .A^...^ in the following 
form 



./l, ,„. = P (mt) H/(^ - k 21 )- 1 

x ^P W(-#o - A; 2 ') _i y P+1 P 9 . 



.k=l 



(448) 



Here Sk is the number of elements in 1%, Sk > 0; jk is a non-zero index corresponding to Ik- 
Obviously, ( W(H — k 21 )^ 1 ) = if || | • || (-distance between the cluster containing p m 

V / mm' 

and the cluster containing p m / is greater than k 5 (here, as usual, we consider the points in 
the range of Pq as 1 x 1 clusters). Next, if Pj k is the projection on a non-resonant cluster, 
then 

(Pi k BP Jk ) mm , = 0, for ||bm-m'||| > 8k s , 

since a non-resonant cluster has the size not greater than Sk s . Let p' be the number of 
non-resonant projections in the sequence {Pj h Yk=x- Hence, p — p' is the number of white 
clusters. The operator Ai x ^,,^ R can be non-zero only if 

p+i p-p' 
y < fc 5 J^isk + 1) + 8Afy + d ^ ( 449 ) 

k=l m=l 



where d m is the size of a white cluster Pj k ■ Next, we prove that 

p+i 

' Sl + 1) + j)'> 
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$> fc + 1) + jf > k ^ +25 ^- 5 . (450) 



k=l 



Assume that ( T4T)Uj) does not hold. Then, by (144T)|) 



m=l 

since £> = fc(i+ 25 °)n_ Obviously, 



Y^d m >h^ 2 ^, (451) 



7r^ 
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where n m is the number of M*- 2 - 1 points in the white cluster Hj k , m = 1, . . . ,p — p'. Let 
I be the size of a minimal box containing all white clusters • It is easy to see that 

p+i p—p' -i p— p' p—p' 



£ < k s J> fe + 1) + 8fcV + ^ d m < i A;(i+ % > 1 + ^ d m < 2 ]T d m . 

fc=l m=l m=l m=l 

Here we also used ( 1451 p and the inequality opposite to (I450p . By Lemma 14.111 

p-p' 

n m < C£ 2/3 k. (452) 



?7l=l 



Combining the last three inequalities and solving for YXn=i we obtain: YJ m =i d m < 
k 1 2 L+3 . This contradicts to (I45ip . Thus, we proved (I450p . Using the obvious inequality 
^2k=\( s k + I) + p' < R + I proves the lemma. 
□ 



10.5 Appendix 5 

Lemma 10.6. Let R be the smallest positive integer for which f 1 2 3 1 j) holds in the case of 
a black cluster. We have R > ±k' yn+Son ~' 6 . 

64 

Proof. We again use formula (1448 p . where Pj k are projections on non-resonant, white 
and grey components in a component of a black region. Assume first that all components 
IL-, can be placed in one || | • || | box of the size 

4£7n+«5on_ Obviously, 
1 F n+*on < k 8 J2( Sh + 1) + 8k s p' + J2 <C + E ( 453 ) 

m fh 

where p' is the number of non-resonant components in the black component, Y2 m d m ari0 ^ 
Tlm^fh are the total lengths of white and grey components in the black component. Let 
us prove first that k 5 £](s fe + 1) + 8k s p' + E m C > \k^ +5 ° r \ Suppose that it is not so. 
Then, by (023]), > \k^ +5 ° r \ The 4^ ri+<5 ° ri -box containing all %, consists of 

no more than 4 4 fc 4<5 ° ri boxes of the size k 1Tl . Since all EL, are in white fc 7ri -boxes, the 
total number of points of M,^ in these white boxes does not exceed ck2" fri+s ° Tl ■ k iS ° Tl . 
Since each grey box contains no less than k&' yri ~ Sori points, the total number of grey 
boxes is less than c fc2 7ri+<5 ° ri • k AS ° ri ■ k~hn+Son _ ck ^ ri +6S n_ Therefore, the total size 
of the grey region is less than ckh^+^on ■ kh r ^+ 2S °^ = c £;f 7ri+8<5ori . Since 5 < ^7, it 
is much less than lk 1Tl+s ° ri . We have arrived to the contradiction with the assumption 
Efcdf > ±^ ri+5ori . Therefore, k 5 J2(s k + 1) + 8k 5 p' + J2 k d k > ±fc 7ri+<5 ° ri . Considering 
again that the total number of M,^ points in the white boxes of the 4/c 7ri+<s °-box does 
not exceed ck 2 ^ L+55 ° r \ we obtain J2k d k < ck 2 ^ +55 ° ri ■ Ak 2 ^ < ±W ri+5 ° r \ It follows 
k s J2(s k + 1) + 8k s p' > lk^ +5or \ Hence, R + 1 > J2( s k + 1) + p' > -LW ri+s ° ri - & : . 
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Assume that we cannot put all the components EL;, in one 



Jk ±±± in • |||-box of the size 
4AP Tl+<5 ° ri . Let us consider the box of this size around IL^. Let K be a number such that 
all Uj k , k = 1, ...K are in the box and IL, K+1 is not. Then, instead of (I448[) we consider 
just its piece 



P h W(H -k 



2l\-l 



' K 

J] (p W(H - k 21 )- 1 ) 3 " P 3k BP Jk W(H - k 21 )- 1 

k=2 



(454) 



x [P W(H -k 



2l\-l 



sk+i 



P 



3K+1- 



Further considerations are the same as in the previous case since by construction the 
an 
□ 



distance between IL^ and n j - K+1 is at least ^k iri+5ori . 



10.6 Appendix 6. On Application of Bezout Theorem 

Let D(x, A) be the determinant of the truncated operator PT(x) — A of the size k r * , r* > 1. 
Obviously, D is the polynomial of the degree k Alr * with respect to xi, and a line is not 
a solution of the equation -D(x, A) = 0. Let A be fixed, A = k 21 . 

Definition 10.7. We call a piece of D(x,X) = elementary, if 

1) it can be parameterized by K\: K2 = xjjC^i) with < ^ or by k%: k\ = X\{x2) 
with |x^(x 2 )| < 1; 

2) function K\ = X\{x2) (or x 2 = x 2 (xi) ) is monotone and continuously differentiable; 

3) it does not have inflection points inside; 

4) it has a length not greater than 1. 

We will show that the curve -D(x, A) = can be split into elementary pieces and 
estimate the number of such pieces. In the proof we will apply several times the following 
statement (which is a simplified version of Bezout Theorem). 

Theorem 10.8. Let P and Q be two plane real-valued polynomials of degree p and q 
respectively. If P and Q do not contain common factors then the total number of points 
satisfying P(x) = = Q(x) (i.e. number of points of intersection) does not exceed pq. 

We have 

Lemma 10.9. The set P*(x, A) = can be split into k 17lr * or less elementary pieces. 

Proof. First, D(x, A) can be represented as a product of simple (i.e. irreducible) 
factors (counting multiplicity). The total number of factors is less than k Alr * which is also 
the bound for their total degree. We consider one of such simple factors P and denote by 



119 



p its degree (note that we do ignore the multiplicity of the factor). Let us consider the 
points 

P(x) = 0, Ap(£) = . (455) 

Since P is irreducible and ^-P(x) has degree less than p (we also notice that g^P(x) is 
not identically zero since £>(x, A) = does not contain lines) they do not have common 
factors. Thus, the number of such points x does not exceed p(p — 1). Next, by the same 
reasons the number of points 

P(x) = 0, -t^-P(x) = (456) 
axi 

does not exceed p(p — 1) and the number of points 

!>(«, = 0, |1(*) = ± |1(*) (457) 

does not exceed 2p(p — 1). We split each previous piece by such points. Thus, we have at 
most Ap{p— 1) + 1 pieces, each end satisfying (1455 p or (I457p . The sign of (-£^P) 2 — (-£^P) 2 
is constant on each piece, i.e. the piece admits parametrization as in the property 2 of 
Definition 110.71 Making parametrization by xi or X2, depending on the sign, we obtain 
that the length of a piece does not exceed a/2 • Ak r * (obviously, \xj\ < 2k r *). Therefore 
the total length of the curve P = does not exceed I8p 2 k r *. Next, for each piece where 
-^—P{k) 7^ inflection points of P(x) = are described by the system 

P = 0, P^ 2 (P. 1 ) 2 -2P^ 2 P J<1 P ;<2 + P^ 1X1 (P X2 ) 2 = 0. (458) 

Again, since P is irreducible and no line is a solution, we have no common factors here 
and can apply Bezout Theorem. The number of points satisfying (I458P does not exceed 
p(2(p — 1) + (p — 2)) = 3p 2 — 4p. Therefore, we have at most 12p 4 pieces with the ends 
satisfying (I455P or (145 7p or (I458p . At last, we split each of these concave pieces into pieces 
with the length not greater than 1. Considering that the total length of P(x) = is 
less that 18p 2 Af*, we obtain that the total number of elementary pieces does not exceed 
18p 2 k r * + 12p 4 . Taking the sum over all simple factors of D we prove the lemma. □ 



10.7 Appendix 7. On the Proof of Geometric Lemmas Allowing 
to Deal with Clusters instead of Boxes 

In the proof of Lemma f5. 131 it is important that we deal with the same curve generated by 
the determinant and just change the argument x. At the same time, a priori we have the 
estimates for the resolvent of the operator reduced onto a particular cluster. The form of 
clusters can vary which formally changes the projector and thus the determinant and the 
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curve. Here we explain how to deal with this situation. We will show that every cluster 
(white, grey or black) can be embedded into a box of the fixed size (depending on the color 
of the cluster) such that the estimate for the resolvent on this box is essentially the same 
as for the embedded cluster. We also notice that the estimate for the number of points of 
M^ 2 ) inside these boxes is the same as the worst possible estimate for the corresponding 
cluster (see Lemmas 14. 12[ H~T3"l 14. 14j) . This justifies the application of Lemma [5.131 in the 
proof of Lemma 15.141 

By construction, white clusters are separated from each other by the distance no less 
than k iri ^ 6 . Grey and black clusters are separated by the distance at least / c "> , n/2+2<5o»*i anc i 
fcvi+Sori^ reS p ec tively. Consider first a white cluster. Let U w be a singular white cluster, 
namely, 

\\(P w {H-k 2l )P w )- l \\ >h*, ^>k^~ 2S , (459) 

here and below H = H(^ 2 \ip )), P w is the projector corresponding to ILj,. By construc- 
tion, Il w belongs to a small white box and its neighbors. Let us refer to it as expanded 
small white box. Its size is 3k iri l 2+2S ° T1 anc i ^ contains less than fcwi/G-Sori elements of 
M( 2 ). 

Lemma 10.10. If (14591) holds for a white cluster U w then 

\\{P{H - k 2l )P)- l \\ > ck kJri/6 ~ 2S , (460) 

P being the projector corresponding to the expanded small white box U containing U w . 
The box II has the size 3k' yri ^ +2Sori and contains less than fcW6-<5on e i ements /M (2) . 

Proof. Assume (ggg) holds, but fT4T)Uj) does not. Let / G P w £ 2 be such that ||/|| = 1, 
P W (H - k 2l )f = o{k~% f = k^ l6 ~ 2S . Let us define 

g:=f- (P(H - k 2l )P)-\P - P w )Vf. 

Now we have: 

P{H - k 2l )Pg = P(H - k 2l )f - (P - P w )Vf = 

P W (H - k 2l )f + (P- P W )(H - k 2l )f - (P - P w )Vf = (461) 
P W (H - k 2l )P w f + (P- P W )(H - k 2l )P w f = P W (H - k 2l )P w f = o(k-t). 

If we show that 

\\(P(H-k 2l )P)- l (P-P w )Vf\\=o(l), (462) 

which means \\g\\ = l + o(l), then the lemma easily follows by the way of contradiction. 
Thus, it remains to prove (I462p . Denote f := (P — P W )V f . Let Hw be the operator 
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consisting of /c^-clusters in EL Namely, = ^2 i PiHPi, Pi being projectors onto k s - 
clusters. Formally, 



mi 



(p(h - e)p)-'l = J2(hL 2) - k 21 )- 1 {-{h - m{H$ - k 2l y 1 Yf+ 

r=0 (463) 
(P(H - e l ) P y l {-{H - H$){H$> - k 21 )- 1 )^ f, r = [k^ 5 ] - 1. 

Some of /^-clusters PiHPi are resonant. However, their distance to the boundary of any 
white cluster is greater than A; 7ri//6 . Using this fact and considering as in the proof of 
(EE22J), we obtain 

(-{H - H (2) )(H {2) - k 21 )- 1 ) f \ < ck-? r when r < r„ + 1, 

since (/) m 7^ only near the boundary of a white cluster. Hence, the right hand part of 
( 14631) is well defined. Now, substituting the last estimate into (1463 p . applying the same 
arguments as in the proof of Theorem 14.11 and using the estimate opposite to (146 Op we 
obtain fT462|) . □ 

For singular grey and black clusters the proof is very similar. So, we just introduce 
corresponding objects and formulate the results. 
Let Ug be a singular grey cluster, i.e. 

\\(P g (H - k 2l )P g )- l \\ >tf, f > fc7n/2+25on-25 ; ( 4 g 4 ) 

P g being the projector corresponding to U g . By construction, Yl g belongs to a big white 
box and its neighbors. We refer to it as expanded big white box. Its size is 3fc 7ri and it 
contains less than fc yri / 2+Sori elements of M^. 

Lemma 10.11. If (14641) holds for a grey cluster U g , such that all the white clusters 
imbedded into it do not satisfy (I460p . then 

\\(P(H - A^P)- 1 !! > c ^ /2+2 ^- M ; (4 6 5) 

P being the projector corresponding to the expanded big white box U containing U g . The 
box n has the size 3k iri and it contains less than ] t ~f r i/ 2 + 5 o' r i elements of M^. 

The proof is analogous to that of Lemma 110.101 up to the obvious changes: instead 
of P w we take P g , r = k^' yri+2Sori ~ s and is replaced by Hg 2 ^ which consists of k s 
non-resonance clusters and white clusters, which do not satisfy (I460p . 

Let n b be a singular black cluster, i.e. 

\\{P b {H - k^P^W >k*, £ > k~< ri+Sori - 25 , (466) 

Pb being the projector corresponding to U),. By Lemma 14.121 any black cluster can be 
covered by a box of the size c/c 37ri//2+3 containing less than c/c 7ri+3 elements of M*- 2 -*. We 
refer to it as expanded black box. 
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Lemma 10.12. If ( 1466 j) holds for a black cluster lib, such that all the white and grey 
clusters imbedded into it do not satisfy (I460p . (I465|) . then 

\\(P(H - k 2l )P)- l \\ > ck k ' 1ri+6on ~ !U , (467) 

P being the projector corresponding to the expanded black box containing Uj,. The box U 
has the size c£; 37ri / 2+3 and it contains less than c/c 7ri+3 elements of M,( 2 \ 
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